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Abstract 

We present a new formulation of the local c-map, which makes use of a 
symplectically covariant real formulation of special Kahler geometry. We 
obtain an explicit and simple expression for the resulting quaternionic, 
or, in the case of reduction over time, para-quaternionic Kahler metric in 
terms of the Hesse potential, which is similar to the expressions for the 
metrics obtained from the rigid r- and c-map, and from the local r-map. 

As an application we use the temporal version of the c-map to derive 
the black hole attractor equations from geometric properties of the scalar 
manifold, without imposing supersymmetry or spherical symmetry. We 
observe that for general (non-symmetric) c-map spaces static BPS solu- 
tions are related to a canonical family of totally isotropic, totally geodesic 
submanifolds. Static non-BPS solutions can be obtained by applying a 
field rotation matrix which is subject to a non-trivial compatibility con- 
dition. We show that for a class of prepotentials, which includes the very 
special ('cubic') prepotentials as a subclass, axion-free solutions always 
admit a non-trivial field rotation matrix. 
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A Hesse potentials |66 



A.l Hesse potential for STU model 

A. 2 Hesse potential for models of form F = — — — 



1 Introduction 

The special Kahler geometry of A/" = 2 vector multiplets PP plays a central 
role in the study of the non-perturbative properties of gauge theories [3], 
string compactifications [HISIIS], and of black holes, in particular the attractor 
mechanism [7|, black hole entropy [SI HI UHl E] and the OSV conjecture [T^fOl 
[T4] . Its distinguished feature is the existence of a single holomorphic function, 
the prepotential, which encodes all vector multiplet couplings. The power of 
holomorphicity is a key property, which sets Af = 2 theories apart from JV = 1 
theories where the Kahler potential is not related to an underlying holomorphic 
function. While at first glance our knowledge of special Kahler geometry appears 
to be comprehensive, there are still aspects which deserve further study. 

1.1 Projective special Kahler geometry in real coordinates 

It is known that effective supergravity actions are subject to non-holomorphic 
corrections |15| , which enter into the relation between the supergravity effective 
action and string amplitudes. This has consequences for black hole entropy and 
the OSV conjecture [HI |T71 [T31 [T3J [T^ . In this context it became clear that it is 
sometimes preferable to formulate special Kahler geometry in terms of special 
real instead of special holomorphic coordinates [19l [T4j . This real formulation 
has been used to develop a manifestly duality covariant approach to the OSV 
conjecture [l4 l [20 l [21] . 

While the real formulation of the affine special Kahler geometry of rigid vec- 
tor multiplets is straightforward, the real formulation of the projective special 
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Kahler geometry of local vector multiplets leaves room for improvements. For 
afRne special Kahler manifolds N the special real coordinates are Darboux co- 
ordinates, and the special Kahler metric is Hessian [12]. The Hesse potential is 
obtained by applying a Legendre transformation to the imaginary part of the 
prepotential [22] . Electric-magnetic duality, which is a central feature of iV = 2 
vector multiplets, acts by symplectic transformations. While the prepotential is 
not a symplectic function, the Hesse potential is, and the special real coordinates 
form a symplectic vector. In [25] a real formulation of projective special Kahler 
geometry was worked out, and it was shown that only part of the symplectic 
covariance of the underlying affine manifold could be kept manifest. However, 
in applications such as black hole solutions and the study of non-holomorphic 
corrections one would like to have the full symplectic covariance manifest. 

In this paper we obtain a real formulation of projective special Kahler 
geometry which is symplectically covariant. We make use of the supercon- 
formal formalism which employs the gauge equivalence between a theory of 
n + I superconformal vector multiplets with scalar manifold N and a theory 
of n vector multiplets coupled to Poincare supergravity, with scalar manifold 
TV = N/(C* — M/ /U{1), see for example for a review. The main idea is to 
keep the U{1) gauge invariance of the superconformal formulation intact, which 
amounts to working on N or on the associated Sasakian S, which is a U{1) 
principal bundle over N, instead of working on N itself. We derive explicit ex- 
pressions for the scalar and vector kinetic terms as real symmetric tensor fields 
on N. These tensor fields can be expressed in terms of the Hesse potential and 
are related to one another and to the metric of the associated superconformal 
theory by adding differentials dual to the vector fields generating the (D* -action. 

1.2 The c-map 

The special geometries of five-dimensional vector multiplets '27' , four-dimensional 
vector multiplets [1 and of hypermultiplets [28; are related to one another by 
dimensional reduction. The corresponding maps between the scalar manifolds 
are called the r-map and the c-map respectively [321130] ISB 132] ■ Both maps have 
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rigid and local versions, depending on whether rigid or local supersymmetry is 
considered. Moreover, by reducing over time rather than space one obtains 
'temporal' versions of the r- and c-map [5TJ 331 IMl HI] ^ which can be used 
for generating stationary solitonic solutions by lifting Euclidean, instantonic so- 
lutions [331 iMl [351 El [2l|43 133 |37], and to study the radial quantization of 
BPS solutions [331133]. The local c-map is also an important tool for investigat- 
ing the non-perturbative dynamics of hypermultiplets [lU] SIl IH] , which shows 
interesting phenomena such as wall crossing [331 SI] . 

The geometry underlying the rigid r-map and rigid c-map |29[ 145) is well 
understood: for both maps the scalar manifold of the higher-dimensional theory 
is simply replaced by its tangent bundle (or, equivalently, its cotangent bundle) 
and the special structures on both manifolds are related in a canonical way. The 
metric induced on the (co-)tangent bundle is a version of the so-called Sasaki 
metric, where the special connection rather than the Levi-Civita connection is 
used to define the vertical distribution. To be specific, the rigid r-map between 
the scalar manifolds Af , N ~ TM of five- and four-dimensional rigid vector 
multiplets takes the following form in terms of adapted coordinates a* , If on 
TM: 

dsli = H,j{a)da'da^ ~> ds% = H,j(a){da'da^ + db'dV) . (1) 

The geometry of the local r-map and c-map is more complicated because the 
supergravity multiplet contributes additional degrees of freedom to the scalar 
manifold. For the local r-map the metric on the vector multiplet manifold N can 
nevertheless be brought to the above Sasaki form [47l |46l [26] . The reason is that 
the Kaluza-Klein scalar combines with the five-dimensional scalars precisely in 
such a way that the scalar manifold M of five-dimensional vector multiplets 
coupled to supergravity is extended to the scalar manifold M of the associated 
superconformal theory, but with the superconformal Hesse potential replaced by 
its logarithm. The scalar manifold N of the four-dimensional vector multiplet 
theory is then obtained by applying the rigid r-map to M. 

The local c-map [29l [30] has an even more complicated structure. It relates 



5 



projective special Kahler manifolds N of dimension 2n to quaternion-Kahler 
manifolds Q of dimension 4?! + 4. In three dimensions abelian gauge fields, 
including the Kaluza-Klein vector can be dualized into scalars, which become 
part of the scalar manifold Q. Using special holomorphic coordinates on N, 
the metric on Q was obtained in |30j . While completely explicit, this expres- 
sion is rather complicated, and not covariant with respect to the symplectic 
transformations of the underlying vector multiplet theory. 

In this paper we reformulate the local c-map and obtain an explicit expres- 
sion for the metric in terms of the Hesse potential of the associated vector mul- 
tiplet theory which is symplectically covariant and only differs from the Sasaki 
form by simple universal terms. This is done using the ideas introduced above: 
(i) we show that the Kaluza-Klein scalar can be identified with the radial direc- 
tion of the (D*-bundle N over N. Thus as in the case of the local r-map there 
is a natural way to combine the four-dimensional scalars with the Kaluza-Klein 
scalar, (ii) To preserve symplectic covariance we avoid U{1) gauge fixing, which 
amounts to working on a principal U{1) bundle Q over the quaternion-Kahler 
manifold Q. In complete analogy to the vector multiplet case, the metric of Q 
is lifted horizontally to a symmetric (degenerate) tensor field on the total space 
of Q. (iii) We use our real formulation of projective Kahler geometry to express 
everything in terms of real coordinates and the Hesse potential. 

Our construction is different from other 'covariant' c-maps, which use the 
hyper-Kahler cone and twistor space associated to every quaternion-Kahler 
manifold [38l |39l |34] . In particular, the J7(l)-bundle Q and the systematic use 
of horizontal lifts and of special real coordinates are specific to our approach. 
One advantage of our formulation is that wc obtain an explicit and relatively 
simple expression for the quaternion-Kahler metric itself. In contrast, other 
constructions provide expressions for the hyper-Kahler potential of the hyper- 
Kahler cone, or for the Kahler potential of the twistor space, in terms of either 
the holomorphic prcpotential [33] or the Hesse potential 01]. This leaves the 
still complicated step of lifting data from Q to the hyper-Kahler cone or twistor 
space, or projecting data down from there to Q. Being able to work directly 
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on Q has immediate advantages for constructing solutions, as we will explain 
below. 

1.3 Solitons and Instantons 

Dimensional reduction is a standard tool for generating solutions with (at least) 
one Killing vector field |50) . In particular, dimensional reduction over time 
allows to lift Euclidean, instantonic solutions to stationary, solitonic solutions. 
Therefore we include the case of time-like reduction when working out the c- 
map. For temporal reduction the resulting manifold has split signature and is 
expected on general grounds to be para-quaternion Kahler [5T1 H5] . 

Our main motivation in studying solutions is to develop a formalism which 
does not depend on supersymmetry (Killing spinor equations), and applies to 
general c-map spaces, without the assumption that the scalar manifold is sym- 
metric or homogeneous. This continues work done previously in [24l |47l |48l |49] 
for five-dimensional vector multiplets. For symmetric spaces group theoretical 
methods have led to a detailed understanding of extremal BPS and non-BPS 
solutions |36[I37) . For general c-map spaces such methods are not applicable and 
need to be replaced by other methods. Solving the reduced, three-dimensional 
equations of motion is equivalent to finding a harmonic map from the three- 
dimensional base space (i.e. the reduced space-time) into the scalar target 
space. Particular solutions to this problem are given by harmonic maps onto 
totally geodesic submanifolds [SOI [21] ■ The simplest choice for the base manifold 
is to take it to be flat, which for non-rotating black hole solutions corresponds 
to imposing extremality. In this case the scalar submanifold must be totally 
isotropic, so that the classification of BPS and non-BPS non-rotating solutions 
corresponds to the classification of totally geodesic, totally isotropic submani- 
folds. 

In this paper we only consider three-dimensional base spaces which are Ricci- 
flat, and, hence, flat. We do not impose spherical symmetry, unless when con- 
sidering specific examples. One advantage of our approach is that, for flat base 
spaces, spherical symmetry is not needed to solve the field equation, i.e. it is 
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as easy to obtain multi-centered solutions as single-centered solutions. This is 
different in the approach of [33], where only single centered BPS black holes 
were constructed, while multi-centered solutions were left as an open problem. 
For this type of problem it is advantageous that we do not need to lift solutions 
to the twistor space or to the hyper-Kahler cone. 

The structure of our expression for the (para-)quaternion-Kahler metric im- 
mediately suggests that in order to restrict fields to a totally isotropic sub- 
manifold we should make an ansatz of the form 9^(7° — ±9^^", where the two 
sets of scalars correspond to the positive and negative directions of the scalar 
metric. By lifting to four dimensions we recognize that this is equivalent to 
the BPS condition imposed by the vanishing of the gaugino variation, and we 
can also verify that in this case the ADM mass is equal to the central charge. 
Thus we have identified totally isotropic submanifolds which exist for any Q and 
correspond to BPS field configurations. As further part of the ansatz we can 
specify whether the solution is rotating or non-rotating. While the non-rotating 
solutions include BPS black holes, the rotating solutions are over-extremal, as 
expected for rotating BPS solutions in four dimensions. By introducing dual 
coordinates qa the remaining field equations can be brought to the form of de- 
coupled linear harmonic equations, Ag^ = 0. Upon dimensional lifting these 
equations are recognized as the black hole attractor equations, which express 
all fields in terms of a set of harmonic functions. This is completely analogous 
to the five-dimensional case. To illustrate how the formalism works we include 
several examples of rotating and non-rotating solutions. The rotating solutions 
we find include those described in [52l [53l [Ml [11] . For static axion free solutions 
we show that the solutions previously known for 'very special' prepotentials 
(those which can be obtained by dimensional reduction from five dimensions) 
can be generalized to a larger class of prepotentials. The reason is that the 
ability to solve the attractor equations only depends on certain homogeneity 
properties of the prepotential. A similar observation allowed the construction 
of new solutions in five dimensions |47| . 

Extremal non-BPS solutions are associated to totally geodesic, totally isotropic 
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submanifolds different from the universal ones described above. Since we want 
to include target spaces which are not symmetric, we cannot use the group 
theoretical methods of [311 13ZI to find non-BPS solutions. Another method is 
to replace the central charge by a 'fake superportential' by applying a charge 
rotation matrix |631 164] . Within our approach we can modify the ansatz by 
allowing a constant field rotation matrix, Q^q" = R^j^d^q^ , as was done for the 
local r-map in |47j . For non-rotating solutions we show that this generalized 
ansatz works, but only if a compatibility condition between the field rotation 
matrix and the metric is satisfied. At first glance this makes it hard to say 
anything about the existence of non-BPS extremal solutions for general, non- 
symmetric target spaces, without considering specific models. However, for the 
class of prepotentials already mentioned above, which includes the very special 
prepotential as a subclass, we can demonstrate the existence of a non-trivial 
field rotation matrix for axion-free solutions. In contrast, for rotating solutions 
the presence of a non-trivial field rotation matrix always requires to generalize 
the ansatz by admitting a curved three-dimensional base space. 

2 Review of rigid vector multiplets 

2.1 Rigid vector multiplets and the rigid c-map 

To set the scene, we will review rigid Af — 2 vector multiplets and the rigid 
c-map [m |45] . We will use the conventions of [45] , except for a relative minus 
sign in the relation between the scalar metric Nij and ImF/jIl] 

Vector multiplets {Ai,Xj,X^) contain vector fields, a doublet of fermions, 
and complex scalars. Here and in the following /i, . . . — 0, 1, 2, 3 are Lorentz 
indices, i = 1,2 is the SU{2)ji-mdex, and / labels the vector multiplets. The 

^ In our present convention the kinetic terms for scalar and vector fields are positive definite 
if ImFjj is positive definite. Note that if we use the superconformal approach to construct a 
supergravity theory, Njj must be chosen indefinite, with the negative directions corresponding 
to conformal compensators. 
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relevant terms in the bosonie Lagrangian are 

A ~ -~Ni.j{X,X)df,X'd^X-' (2) 
+z (Fij{X)Fl}rF-'\-\f^' Fij{X)Fl}+F-'\+\f^') , 

where F^^^^ = i (^F^o T *^/i£>) ^re the (anti-)selfdual projections of the field 
strengths F^- = 29[^yl^j. The Hodge-duahzation of field strength is given by 
pi — If pi\p^ 

All couplings in the Lagrangian can be expressed in terms of the holomorphic 
prepotcntial Denoting the derivatives of the prepotential as 

dF ^ dF „ d^F 



dX' ' ' dX^ ' dXWXJ 
the scalar metric is 

Nij = -iiFij - Fij) - 21m(F,j) . 

This is an affine special Kahler metric, because the Kahler potential K{X,X) 
for the metric 

Nij = 



dX^dXJ 

can be expressed in terms of the holomorphic prepotential, 

K = i{X'Fi ~ FiX^) . (3) 

The additional, 'special' structure of the scalar geometry is a consequence 
of the electric-magnetic duality transformations, which leave the field equations 
(but not the action) invariant. Electric-magnetic duality acts by symplectic 
transformations, see [56] for a concise summary. The quantities 



where the dual gauge fields are defined by 



g-,,.^.^fuf:i 



■^For non-generic choices of a symplectic frame the prepotential might not exist, but then 
one can always perform a symplectic transformation to a frame where a prepotential exists 

Eg. 
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transform as symplectic vectors, while the second derivatives Fjj of the prepo- 
tential transform fractionally linearly. The prepotential itself does not transform 
covariantly, i.e. it is not a symplectic function (scalar). 

Upon dimensional reduction the components of the gauge fields along the 
reduced direction become scalars. After dualizing the three-dimensional gauge 
fields into scalars, one is left with a theory of scalars and fermions, which orga- 
nize themselves into hypermultiplets. The dimensional reductions with respect 
to a space-like and a time-like directions differ by relative signs. We can discuss 
both reductions in parallel by introducing the parameter e, where e — —1 for 
space-like and e = +1 for time-like reductions. We denote scalars descending 
from four-dimensional gauge fields by = A^'*, where * = 3 for space-like 
and * = for time-like reductions. The scalars obtained by dualizing the 
three-dimensional gauge fields are denoted s/. The scalar part of the three- 
dimensional Lagrangian takes the form |45j 

+eN"{d^si + RiKd^p''){d^sj + RjLd'^p'') . (4) 

Here N^"^ is the inverse of Njj, and ^,v^ . . . = 0, 1, 2 for space-like and /i, z^, . . . = 
1,2,3 for time-like reductions. 

The map induced by dimensional reduction between the respective scalar 
manifolds M and N is called the rigid c-map. For space-like reductions N 
is hyper-Kahler [29], as required for rigid hypermultiplets |57j . For time- like 
reductions one obtains a para-hyper-Kahler manifold, as required for Euclidean 
hypermultiplets [IS]. In both cases the manifold N can be interpreted as the 
cotangent bundle of Af , N = T*M, equipped with a natural metric, which one 
might call the 'V-Sasaki' metriclf] This becomes manifest if one uses special real 
coordinates instead of special holomorphic coordinates on M, see (|10|) below. 
Since special real coordinates will play an important role in the following, we 
will review them in some detail. 

^In contrast to the Sasaki metric, we use the special connection V instead of the Levi-Civita 
connection to pick a horizontal distribution on TM. 
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2.2 The real formulation of afRne special Kahler geometry 

The intrinsic definition of affine special Kahler geometry [TO] states that a Kahler 
manifold is affine special KahleiQ if it is equipped with a flat, torsion-free, sym- 
plectic connection V, such that the complex structure / satisfies I — 0. The 
affine coordinates {x^ ,yi) of this flat connection are Darboux coordinates, and 
are called special real coordinates in the following. They are related to the 
special holomorphic coordinates by: 

x' = Re{X') , yi = Re(F/) . 

Conversely, the special holomorphic coordinates X^ and the quantities Fj, which 
complete them into a complex symplectic vector, can be decomposed as 

X^ = x^ + iu^{x,y), 
Fi = yi + iviix,y) . 

We remark that we could also take the imaginary parts , vj as real coordinates 
and x^ , yj to be functions of ,vj. More generally we could take the real parts 
of e'°(X^,F/) as Darboux coordinates. AfRne special Kahler manifolds always 
admit not just one special connection, but an S'^-family which is generated by 

m 

Neither physics, nor geometry depends on the choice of the special connection 
from this family, but each connection in the family has its own system of special 
real coordinates. The 'dual' special real coordinates u^,vj are flat Darboux 
coordinates with respect to the special connection \/^'^/^\ By computing the 
Jacobian of the coordinate transformation {X,X) o {x,y), and using Fjj = 

*This definition can be generalized to pseudo-Kiihler and adapted to para-Kiihler manifolds 
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Fji, one obtains the following relations: 
dvi dvj 

dvi du^ 
dyj dx^ ' 

dyj dyi 



9vi 1 p 

9yi _ 1^ 

dx-^ 



AfRne special Kahler manifolds are Hessian manifolds, and the Hesse potential is 
proportional to the Legendre transform of the imaginary part of the holomorphic 
prepotential [22 . This transformation replaces = ImX^ by yj = ReFj as 
independent variables: 

H{x, y) = 2Im^^(X(x, y)) - 2yiu'{x, y) . 



Taking derivatives of 2 Im(F) with respect to (x, y) we find 



d 



2lra{F) 



x,u{x.y) 



d du'^ d 
dx^ dx^ du-' 
f d d 

du'-' 



2Im(F) 



d 



d 



dxi \dX'' dXJ 



2vi + 2yi 



dx^ 



and 



— 2Im(F) 
oyi 



du^ d 
dyi du-^ 
dw^ ( d 



2lui{F) 
d 



dyi \dX'' dXJ J 



] 2Im(F) 



2Im(F) 



x,x 



x.x 



oyi 

Using these results, we find that the derivatives of the Hesse potential are pro- 
portional to the dual real coordinates: 



fdH\ { dH dH\ , r. 



(5) 
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Taking second derivatives we find 



dx^dx^ 



= Nij + RikN'^'^Rlj , 
= -2N'''Rkj , 
= AN" . 



dyidyj 

This allows us to express the Hessian metric Hat in terms of the second deriva- 
tives of the prepotential: 

(ff )-f ^'^ \-f N + RN-'R -2RN-'\ 

We will also need the relation between the diff'erentials of the special holo- 
morphic and the special real coordinates: 



dX^ = dx^+idu^ 



= dx^ +i (N^'RiKdx'^ - 2N^'dyi') . (7) 

Next, wc compute the derivatives of the Hesse potential with respect to the 
special holomorphic coordinates. This is not needed for the real formulation of 
affine special Kahler geometry, but will be important later for the real formula- 
tion of projective affine special Kahler geometry. 

OH _ dx-' dH ^ dyj dH 



dXi dX^dxJ dX^dyj 

= VI- ^{Rij + iNjj)u-^ , (8) 



and by a similar calculation 
dH 



dX^ 

Taking second derivatives we find 



= vi-\ {Rij - iNij) u-' . 



dX^dX 
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7 = h^^iJ ■ (9) 



Using equations (H]) and Q it is straightforward to verify verify that 

dslj = NijdX'dX-^ = Habdq°-dq^ , 

which shows that Nij and Hab represent the same metric in terms of special 
holomorphic and special real coordinates, respectively. It is easy to show that 
the inverse of the Hessian metric is given by 



(H ) -[H \{N + RN-^R) 



Moreover, it is useful to note that 



where 

n I 

is the matrix representing the fundamental form (Kahlcr form) in special real 
coordinateslfl With these results it is straightforward to express the reduced 
Lagrangian dU in terms of special real coordinates. Defining (g^) = (s/,2p^), 
we find [45l [58] 

JCs-- iHab{q)d^q''d^'q'' - eH^" {q)df,qad^'qb) . (10) 

It is now manifest that the metric on N is the canonical positive definite (for 
e = — 1) and split signature (for e = 1) metric on the cotangent bundle of 
M, respectively. Using special real coordinates has further advantages. All 
objects appearing in the above Lagrangian transform linearly under symplectic 
transformations: g", qa are contravariant and covariant vectors, respectively, 
while Hab and H'^^ are symmetric tensors [IB]. In contrast, Fjj = ^{Rij+iNij) 
transforms fractionally linearly under symplectic transformations. 

3 Vector multiplets coupled to 4d supergravity 

The coupling of vector multiplets to supergravity can be constructed using the 
superconformal calculus, which exploits the gauge equivalence between a locally 



^The fundamental form has constant coefficients because special real coordinates are Dar- 
boux coordinates. 
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superconformal theory of 71 + 1 vector multiplets and n vector multiplets cou- 
pled to Poincare supergravity^ This is reviewed, for example, in [SSI HO]- We 
will use elements of this approach, and focus on the bosonic fields and the un- 
derlying scalar geometry. The first step in the construction is to write down 
a theory of n + 1 rigidly superconformal vector multiplets. Compared to the 
previous section, this amounts to the additional constraint that the prepotential 
is homogeneous of degree two. The resulting scalar manifold is a conical affine 
special Kahler manifold [1^1 [H] , which is an affine special Kahler manifold with 
a holomorphic homothetic action of (D* = ]R^° • U{1): 



where A = |A|e** S (D*. Both the scale transformation and the U{1) phase trans- 
formation are part of the superconformal algebra. The scale transformations act 
as homotheties, and give the scalar manifold N the structure of a Riemannian 
cone over a Sasakian manifold S. The U{1) transformations act isometrically 
on both N and S. 

The next step in the superconformal construction is to gauge the supercon- 
formal transformations. For our purposes, the relevant part of the resulting 
bosonic action is 



where the indices run from I — 0, ... ,n. This Lagrangian contains the space- 
time Ricci scalar R4 as a result of the gauging. It is invariant under local 
dilatations and U{1) dilatations. The U{1) covariant derivatives are defined by 



where Ap_ is the U{1) connection. In principle we should also include the con- 
nection bfi of local dilatations, but it is known that the terms containing this 

^This requires the presence of a further auxiUary multiplet, which will not be relevant for 
our discussion. 



X' XX' , 



V[,X' 



+ iA^)X' , 
(5^ - iAf,)X' , 
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connection cancel within the Lagrangian. Alternatively, one can impose the 
gauge condition bp, = 0, known as the K-gauge. The gravitational term is not 
canonical, since the Ricci scalar is multiplied by the dependent field 

e-'C = -NijX'X-^ = -i{X'Fi - FiX^) , (12) 

which acts as a compensator for local dilatations. 

The gauge couplings are given by the real and imaginary parts of the complex 
matrix 

Ar„ = K„ + a„ = F„ + .(^:ai|Si. (13, 

This differs from the gauge couplings Fij — ^ {Rij + iNjj) of the rigid theory 
by terms which arise from integrating out an auxiliary field (the tensor field of 
the Weyl multiplet). Note that J\fij is manifestly U{1) invariant, so that by 
imposing the Z?-gauge we obtain tensor fields on S and N. 

The locally superconformal Lagrangian, of which we have displayed only 
the pieces relevant for our purposes, is gauge equivalent to a Lagrangian of 
vector multiplets coupled to Poincare supergravity. The Poincare supergravity 
Lagrangian is obtained by imposing conditions which gauge fix the additional 
transformations which extend the Poincare supersymmetry algebra to the su- 
perconformal algebra. For our purposes the relevant transformations are the 
dilatations and U{1) transformations. The dilatations are gauge fixed by impos- 
ing the D-gauge e~'^ = 1, which brings the gravitational term to its canonical, 
Einstein-Hilbert form. Geometrically, this restricts the scalar fields to a hyper- 
surface % d N m the conical affine special Kahler manifold. This hypersurface 
can be identified with the Sasakian 5, which forms the basis of the Riemannian 
cone. Similarly, one can impose a U{1) gauge condition to obtain the scalar 
manifolds N of the Poincare supergravity theory. In practice, one often prefers 
to work in terms of U{1) invariant quantities instead of imposing an explicit 
gauge fixing condition. Since the U{1) transformations act isometrically on S, 
this corresponds to taking a quotient S/U{1). Moreover, since the function 
e~'^ used to define the D-gauge is the moment map of the U{1) isometry, the 
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scalar manifolds N and N of the superconformal and supcr-Poincarc theories 
are related by a symplectic quotient 



This is in fact a Kahler quotient, because N inherits a Kahler metric from N. 
Manifolds N, which are obtained by this construction from conical affine special 
Kahler manifolds, are called projective special Kahler manifolds. 

It is well known from work on black hole solutions that it is often advanta- 
geous to use the gauge equivalence, and to work on the larger space N rather 
than on the physical scalar manifold N. One particular advantage is that this 
keeps symplectic covariance manifest. Fixing a U{1) gauge corresponds to se- 
lecting a hypersurface of the Sasakian S, which can be done by choosing any 
condition which is transversal to the U{1) action (for example ImX" — 0). How- 
ever, choosing a symplectically invariant condition corresponds to selecting, at 
each point, the direction orthogonal to the U{1) action. But this is the contact 
distribution of the Sasakian and therefore not integrable. For this reason a hy- 
persurface corresponding to a U{1) gauge cannot be selected in a symplectically 
invariant wayQ In the following we will keep the local C/(l) gauge invariance 
intact, and for reasons that will become clear later we also postpone imposing 
the D-gauge. 

The above Lagrangian contains the U{1) gauge field, which makes its local 
U{1) invariance manifest. However, the U{1) connection is a non-dynamical, 
auxiliary field, and we now eliminate it by its equation of motion 



Now the gauged sigma model is replaced by the ungauged sigma model 



TV ~ N/€* ~ N//U{1) . 





[{df,X)NX~XN{df,X)] . 



-N.jV^X 




^Wc thank Vicente Cortes for an illuminating discussion of this point. 
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where gjj — djdjJC, 

/C = - log[~i{X'Fi ~ FiX^)] . (14) 

We have used that the prepotential is homogeneous of degree 2 and therefore 
X{dfiN)X = 0. The Lagrangian still contains terms proportional to djxK. be- 
cause we have not yet imposed the D-gauge. Observe that the tensor field gu 
is degenerate on the large space N, because 

X'gij = = gijX-' . 

This is not a problem, because the directions along which gu is degenerate cor- 
respond to the unphysical degrees of freedom normal to N C N. Geometrically, 
these are the vertical directions of the (D*-bundlc N over N, i.e. the radial 
direction of the Riemannian cone and the orbits of the U{1) isometry. While 
gu is not a metric on N, we obtain a non-degenerate metric by projecting it N. 
In other words, gu is the horizontal lift of the projective special Kahler metric 
gff to N, and, if we impose the D-gauge, to S. 

The well known formula for the Kahler potential of the projective special 
Kahler manifold N can be obtained by using coordinates X^,z^ on N, where 

= X^/X'^ are special coordinates on N. Rewriting /C given in (IT4|) as a 
function of X*',z*, one finds that the dependence on X^ can be removed by a 
Kahler transformation. This shows explicitly that the tensor gjj is degenerate 
on the two vertical directions. Defining J-{z) — we obtain the 

Kahler potential of the projective special Kahler metric of N: 

To obtain a theory with positive definite kinetic terms for the physical 
scalars, the projection of gjj onto N must be positive definite, while positive 
definite kinetic terms for the vector fields require that Tjj is negative definite, 
see pip . It is known that both conditions are satisfied if the metric Nu of 
the conical affine special Kahler manifold N has complex Lorentz signature 
( !-•••+) [611146]. The negative directions, which are the directions normal 
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to N C N, correspond to conformal compensators. We remark that — X/j can 
be interpreted as a positive definite metric on N, and that the relation between 
the indefinite metric Njj and the definite metric — I/j has a natural geometric 
interpretation, which is analogous to the relation between the Griffith and Weil 
intermediate Jacobians for Calabi-Yau threefolds [46] . 

4 The real formulation of projective special Kahler 
geometry 

In section[2]we have reviewed the real formulation of affine special Kahler geom- 
etry. It is not straightforward to obtain a real formulation of projective special 
Kahler geometry which preserves symplectic covariance. The reason is that the 
physical scalars of the super-Poincare theory correspond to special coordinates 
2* = ytr on N. While {X^,Fi) is a symplectic vector, the (0*) is not, and only 
part of the symplectic covariance can be kept manifest |25j . 

In this section we show how a manifestly symplectic real formulation can be 
obtained by preserving the U{1) gauge invariance. This amounts to expressing 
the degenerate tensor gu and the vector kinetic matrix Afjj in terms of special 
real coordinates on N and in terms of the Hesse potential H. In doing so we will 
get a clearer understanding of the geometrical meaning of these tensor fields. 

Since the theory associated with N is now superconformal, we have addi- 
tional relations in addition to those derived in section [2l The prepotential and 
the Hesse potential are now homogeneous of degree two in special holomorphic 
and special real coordinates, respectively. This implies 

2H = Haq"" - Habq^q' . (15) 

Also note that 

2{yiu^ - x^vi) = -2H = -i{X^ Fi - FjX^) = -NjjX^X'' = er'^ . (16) 

The affine special Kahler manifold is now a complex cone, at least locally. 
This means that there is a homothetic and holomorphic action of (D*, which is 
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given by the the homothetic Killing vector field ^ and the U{1) Killing vector 
field where / is the complex structure. The explicit expressions with respect 
to special holomorphic and special real coordinates are: 

In special real coordinates the complex structure itself is given by /"^ — iri°^iJ(,c 
in terms of the Kahler form flab a-nd the metric Hat- 

We remark that the are special real coordinates with respect to a fixed, 
but arbitrary special connection. For conical affine special Kahler manifolds 
the C/(l) gauge transformations preserve the metric, the symplectic and the 
complex structure, but they rotate the special connections, and the associated 
special real coordinates, among themselves. 

Our first task is to rewrite the tensor 

^ d^lC _ Y,j YiYj 

where 

/C = -logy, Y = -i{X^Fj-FjX^) = -2H , 
in terms of special real coordinates. Using ^ and ([9|) we find 

gij - -^^IJ + i^iK + iNiK) u^) {vj ~ \ {R.JL - iNjL) u^) . 

(18) 



Using dUl), we find 

KjjdX^dX-^ = —NijdX'dX-' (19) 

2H 

+ - \iRiK + iNik)u'^){vj - i(i?ji - iNjL)u'^)dX'dX-' . 

By the results of section [2l the first term gives 

-^NjjdX'dX-' = --i-Hahdq^'dq'' . 
To evaluate the second term, we observe that 

{2vi,-2u') = {Ha) ^ {Habq'') . 
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where we used ([5]) together with homogeneity. Using further results from section 
[21 this imphes 

yi = RijN''''vK~liNij + RiKN'''^RLjW . 

To proceed, we substitute (I?]) into the second term on the right hand side of 
([TO)) , with the resuh 

{vi - ^{RiK + iNik)u''){vj - ^{RjL - iNjL)u'^)dX'dX^ 
= {vivj + yjyj)dx^dx-^ - (vju'' + yjx')dx'dyj 
— {u'vj + x' yj)dyidx'^ + {u^u'^ + x^ x'^ )dyidyj . 

We now observe that 
and 

{n^cq n^q ) - _^iy^ ^i^j 
Using this, the second term becomes 

^(ivivj + yiyj)dx^dx-^ - {vju-' + yix-^)dx^dyj 
-{u^vj + x^ yj)dyjdx'^ + [u^ u'-' + x^ x''')dyjdyj^ 

J^HaHb + ■^{nacq^nhdq'')^ dq'^dq'' . 
Combining the two terms, we find that 
gijdX^dX^ = 



-^-f^ah + '^Jp^aHb + -J^i^acq^^bd.q'^) 



dq'^dq'' H^^dq^'dq'' 
(20) 

where H^^^j is the horizontal lift of the projective special Kahler metric, expressed 
in special real coordinates. 

Before we proceed to express A//j in real coordinates, let us analyze what 
the above calculation tells us about the underlying geometry. Solving ([20)1 for 
the affine special Kahler metric -ffafc, we obtain: 

1 2 

Hab = ^'^HH^^ + ——HaHh + —Qacq'^^bdq 
ZH rl 
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This is a decomposition of Hat into the horizontal component H^^^ , which by 
projection gives the projective special Kahler metric, and two negative definite 
termjfl which correspond to the directions generated by ^ = q'^da and = 
^Ha^°'^db- As we will see, all relevant tensor fields on N are related to the 
metric Hab by adding terms proportional to the squares of the one-forms Ha 
and Q.acq'^ ■ These one forms are obtained by contracting the homothcty ^ with 
the metric and the Kahler form, respectively (equivalently by contracting f and 

with the metric) . It is an advantage of the real formalism that the directions 
generated by ^ and can be described in such a simple way. 

We now introduce one further tensor field on N ^ which will play an impor- 
tant role for the c-map. As we have seen before, the Kahler potential of the 
supergravity theory is obtained by taking the logarithm of the Kahler poten- 
tial ([3]) of the corresponding superconformal theory. The logarithm effectively 
encodes the superconformal quotient. This motivates us introduce the tensor 
obtained by taking the second derivatives of the logarithm of the Hesse potential 
H of the rigid theory. Specifically, we set H = log(— 2iJ) and Hab — &i bH. 
Then 

gijdX'dX-' = 

Since we know that the right hand side is positive definite in the horizontal 
directions and degenerate in the vertical directions generated by and I^, it 
follows immediately that Hab is a non-degenerate Hessian metric which is nega- 
tive definite along the U{1) direction generated by and positive definite in all 
other directions. The homogeneity properties of the Hesse potential (fTSl) also 
imply that the matrix H satisfies the identity 

q'^q'Hab = 1 . 

This will not be used in this paper, but may be useful for produce 4d non- 
extremal black hole solutions as a similar identity was needed in the 5d case 

m- 

*With our conventions H is negative definite, see H16|l . 



H, 



:H„Hh 



H^ 



{nacq^mMq") 



dq^dq^ 



(21) 
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We now turn to the vector kinetic matrix A//,/. It is known how to express 
this complex matrix, which transforms fractionally linearly under symplectic 
transformations in terms of a real matrix Hab, which transforms as a symmetric 
tensor of rank 2. In the conventions of [46 , the relation is 



It is known that the tensor —Hat is positive definite, given that Hat has complex 
Lorentz structure, and therefore it can be interpreted as a positive definite metric 
on N. In |46j it was shown that in terms of complex geometry the indefinite 
and definite metric are related by a transformation that exchanges Griffith and 
Weyl flags. We would now like to relate Hab to the other tensor fields in terms 
of real coordinates. 

Below we will prove that the tensors Hab, Hab and Hab are related by: 



positive definite. In contrast to the indefinite metrics Hat and Hab, the definite 
metric Hab is not Hessian. However it is uniquely determined by the Hesse 
potential H. It is the above identity which will be critical in matching up 
moduli fields with the electric/magnetic potentials in order to produce black 
hole solutions. 

It remains to prove ([^^ . which requires some efi'ort. To start we need the 
explicit relations between the real and imaginary parts of Fjj — ^{Rjj + iNjj) 
and A// J = TZu + ilij: 



where (XNX) ~ NmnX^'' X'^ , etc. It is straightforward to verify that the 
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= JJ^-b - -^{Qacq'mbdq'') ■ (22) 



Given that Hab has complex Lorentz signature, it is manifest that —Hab is 




inverse of T/j is 

where we used 2H = (XNX) and the decomposition — x-^ + iu^ , Fj = 
yi + ivj. Next, one can verify 

-I'^'Ukj = N'^'Rkj- ^^^^^ (X'Fj+X'Fj) = n''' RKj-^{x'yjWvj) . 
Finally, one can also verify that 

Iij + -RikI'^'-Rlj = ~\ni.j - ]^RikN''''Rl.j + ^^^^^ {FiFj + FiFj) 
= -l^iJ - \RikN'^^Rlj + ^{yiyj + vjvj) 
Putting everything together we have 

T + nx-^n -7^z-l \ _ (-\n~\rn~^r rn~^ 

-i-^n i-^ ) ^ \ RN-^ -27V-1 

yiyj + vivj -{yjx'' + vju'') 
H \ —{x^yj + u^vj) x^x"^ + u^u'' 

Expressing this in terms of the special real coordinates using Hat, Flab and 
riab this becomes 

12/1 

Hab = —-^Hab ^ Jj { -^HaHb + Qacl'^^bdq 

which proves P^ . 

In summary, we have found the real tensor fields Flj^'^ and Hab which lift the 
scalar metric and vector kinetic matrix of the super-Poincare theory associated 
to N to the Sasakian S and the complex cone N . This provides a real formu- 
lation of projective special Kahler geometry as long as we do not gauge fix the 
U{1) transformations. 

For later use we now derive the expression for the graviphoton in terms of real 
coordinates. The graviphoton is the vector field which in the Poincare super- 
gravity theory belongs to the supergravity multiplet and therefore is invariant 
under symplectic transformations. Its field strength is given by 
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where the dual field strength are 

Adding the self-dual part and expressing everything in real variables, we obtain 

These terms are not independent, we can either use the real coordinates (a;^, yi) 
together with the field strength Fj^-, Gj^j^c, or the dual real coordinates [u^ , vj) 
together with the Hodge-dual field strength Pf-, G^p^i). Using the definitions of 
these quantities, one can verify that 

so that 

5 The local c-map and the Hesse potential 

We now turn to the dimensional reduction of four-dimensional vector multiplets 
coupled to supergravity. We perform the reduction using the complex formula- 
tion of the four-dimensional scalars, and use the gauge equivalence to describe 
them in terms of the scalars taking values in N. The reductions over space 
and time are performed in parallel. After dualizing the three-dimensional vector 
fields we systematically express all quantities in terms of special real coordinates. 
Our overall strategy is to obtain an expression which comes as close to the 'met- 
ric on the cotangent bundle form' (jlOp of the rigid c-map. Therefore we express 
the couplings in terms of the logarithm of the Hesse potential. We will see that 
all terms that cannot be brought to this form are universal, in the sense that 
their couplings only contain constant matrices and the Kaluzu-Klein scalar. 
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5.1 Dimensional reduction 

Our starting point is the Lagrangian representing the bosonic part of four- 
dimensional J\f = 2 supergravity coupled to n vector multiplets, 

£4 ~ -\e-^Ri-e-'^gijdixX'dl'X-^ + \e-*^djiKdl'K 

+\IuFLf'[^^ + lUuF^-pJi'' , (23) 

where gij = didjK,. We have eliminated the U{\) gauge field by its equation 
of motion, thus replacing the gauged sigma model by a sigma model with a 
degenerate 'metric'. Since we postpone imposing the D-gauge, this Lagrangian 
contains the non-constant, but dependent field 

e-^ = -NijX^X-' . 

We perform the reduction of the Lagrangian over a time-like and space-like 
dimension simultaneously, differentiating between the two cases by 

{ — 1, spacelike , 
-f-1, timelike . 

In order to reduce directly into the Einstein frame we decompose the metric as 

dsl = -e e*' {dy + V^dx'^ f + e-'^'g^^dx^'dx^' , 

which implicitly defines (e"'^, V^, gf^^) in terms of the four-dimensional metric 
gjxo. The reduced Lagrangian is given by 

- e-'^gijd^X'd^'X' + \e-'^d^lCd^]C 

- ^ee-^lijd^C'd^C-" - leUije'^-PFl.dpC' , 

where the terms descending from the four-dimensional metric appear in the 
first line, the four-dimensional scalars in the second line, and the gauge fields 
in the third and fourth line. We have denoted the field strength of the Kaluza 
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Klein- vector by Vfj,^,, and the scalar fields = Aq {A^) are the components 
of the four dimensional vectors along the reduced timelike (spacelike) direction. 
The Lagrangian at present still contains the bare Kaluza Klein- vector V^, which 
prevents the associated abelian gauge symmetry from being manifest. Therefore 
we make the field redefinition 

(4)' := 4 - C% , =^ {FlJ + C'V,^ = Fl, - 29[^C'K] ■ 

The Lagrangian now takes the manifestly gauge invariant form, 

- lee-'^Iijd^C'd^C' - \enije''-P{Fl, + C'V)9pC-' , 
where we have dropped the primes and gathered together like terms. 
Conformal rescaling 

In order to obtain a canonical Einstein-Hilbert term we perform the conformal 
rescaling 

The various terms in the Lagrangian have the following transformation rules in 
three dimensions: 
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The Lagrangian itself becomes 

One can see that by redefining the KK-scalar 0' = — /C, the field JC decouples 
from all other fields besides gravity. We will now set this field to be constant, and 
drop the primes^ This amounts to imposing the D-gauge. We could of course 
have done this at an earlier stage, but we found it instructive to demonstrate 
how the radial degree of freedom JC of the cone N decouples. 

Dualization of vector fields 

Since we are working in three dimensions, and the vector fields in the Lagrangian 
only appear via their field strengths, it is possible to dualise the vector fields 
into scalar fields [A^ ^V) ^ {Ci,4>). This is achieved by adding the Lagrange 
multiplier 

The variation of £3 + £Lm gives the algebraic equations of motion (note that 

Substituting the above expressions back into £3 = £3 + £Lm we are left with 
the dual Lagrangian 

£3 ^ -iR^-g^jd^x'd'^X' -\d^,pd^'(j, (24) 



1 . 



^When computing the tensor gij, it is understood that K is set constant after computing 
the derivatives. 
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5.2 A field redefinition 

We would now like to bring the Lagrangian into a form that resembles (jlOp 
more closely. From [3^ we know that by setting {q"-) — ^(C^,C/) ^nd using 
the real tensor Hab, the terms in the third line of (p4|) are proportional to 
■jjHabdf_Lq°'d'^ct ■ Using (1^^ we can express this in terms of the Hessian 
metric Hab up to model independent terms. To proceed, we need to re-organize 
the remaining scalars X^,(f>,(j) into 2n + 2 real scalars which transform as 
a symplectic vector and balance the 2n + 2 real scalars q°'. The counting of 
degree of freedom works out, because the n + 1 complex scalars are subject to 
two conditions, and therefore correspond to 2n independent real scalar fields. 
Moreover, by going to special real coordinates on N, we can relate them to a 
symplectic vector. But what about and 

We proceed by making use of an observation that was made in the context of 
the local r-map, which relates the scalar manifolds of five-dimensional and four- 
dimensional vector multiplets [47 . There it is possible to absorb the Kaluza 
Klein-scalar into the manifold parametrized by the higher-dimensional (in the 
case of the r-map, the five-dimensional) scalars. This amounts to lifting the 
constraint imposed by the D-gauge. The Kaluza Klein-scalar is identified with 
the radial direction of the cone N over S, which is promoted from a gauge degree 
of freedom to a dynamical degree of freedom. This idea can be implemented in 
the four-dimensional setting by defining a new set of complex scalars by 

Y^ = e^X^ , Y^ = e^X^ . 

The Kaluza Klein-scalar is now a dependent field, determined by the expression 

e"^ = -i{Y'Fi - FiY') . (25) 

Since </> transforms by a shift under the global isometry group, we find that the 
new scalar fields must transform by a scale factor under these isometries 

Y' e^Y' , Y' e^Y' . 

Actually, in 1461 the dual coordinates qa and the inverse metric were used, but this 
is simply a different parametrization. 
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The Lagrangian can now be written as 

£3 ^ _ii?3_g,^a^y^a'^y^-i9^</)9^0 (26) 



1 , 



where </) is a dependent field. 

The Lagrangian is still invariant under local U{1) transformations of the 
fields {Y, Y), and the equations of motion transform by an overall phase factor. 
This is shown using that the tensor gu has two null directions 

y'gu = = gjjY' . 

By differentiation we obtain the identities 

y'dK9ij = -9k J , dKgijY' = , 

Under phase transformations the derivatives of the metric transform by a phase 
and the Kaluza Klein-scalar is invariant 

dxgu — > e-'^dKgu , <t> — ^ (/> , 

dRdij — > £"^9x91.1 ■ 

It follows that the Lagrangian is U{1) invariant, the {Y,Y) equations of motion 
transform by an overall phase, and all other equations of motion are invariant. 
When comparing ([24]) to ((26l) both Lagrangians look identical, except that 
have been replaced by Y^ . It is instructive to check that substituting = 
g"0/2y/ jjji^Q gives indeed (1^51) . Due to the peculiar properties of the 
degenerate tensor gu, no derivative terms involving (jj are generated by the 
substitution. All factors e"^/^ cancel, because gu is homogeneous of degree —2, 
and because I/j and TZu are homogeneous of degree 0. Of course the essential 
difference between ([M)) and (1^51) is that (j> is now a dependent field. 

One might wonder whether the dualized Kaluza Klein-vector could be 
treated in a similar way as the Kaluza Klein scalar (f>. This is not so, because 
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the symmetries carried by the reduced gravitational degrees of freedom (/), (j) do 
not match with the symmetries of the afhne special Kahler manifold N . The 
fields 4>, (j) parametrize the coset 

_ 5£(2,R) 
SO{2) 

with isometry group S'i(2,]R). A two-dimensional solvable subgroup generated 
by shifts in (p and (f) extends to a symmetry of the full Lagrangian once the (j" 
are included. In contrast, the manifold N has a homothetic action of (D*. Upon 
taking the logarithm of the Hesse potential, the dilatation becomes an isometry 
(rather than a homothety) of the 'metric' g/jEl] Above we observed that the 
fields transform under shifts of cj), and we might think of these continuous 
global symmetries as residual symmetries left after we have eliminated the local 
dilatation symmetry by absorbing the KK scalar into N. The fields are still 
subject to U{1) gauge transformations, and one is tempted to identify (p with 
the U{1) gauge degree of freedom. If this was the case one could absorb cj) into 
the Y^ , thus making the gauge degree of freedom a physical one. However, 
the global continuous shift symmetry of (p do act differently from U{1) gauge 
transformations, and therefore there is no way of absorbing cp into Y^ such that 
the new variable transforms naturally under the global symmetry. Therefore 
we proceed differently, by keeping (p as an independent field, and, consequently, 
keeping the local U{1) gauge invariance. We will see later that when we con- 
struct solutions, the local U{1) gauge symmetry is gauge fixed while preserving 
symplectic covariance and the isometrics of scalar metric. We will also see that 
for our solutions it will always be possible to express (p in terms of the other 
fields. 

We can interpret our treatment of the scalar fields geometrically as follows. 
If we freeze the scalars g° descending from the four-dimensional gauge fields, 
then the scalar manifold parametrized by the physical four-dimensional scalars 



^^This works as in 47 : if the Hesse potential is homogeneous, and we take its logarithm as 
the new Hesse potential, then the new metric is homogeneous of degree zero (as a tensor, i.e. 
the metric coefficients are homogeneous of degree -2) irrespective of the degree of homogeneity 
of the original Hesse potential. 
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2% and by (j) and (j) is 

S'L(2,]R) 
^'^'■^ SO{2) 

Using the gauge equivalence, we can describe N in terms of the fields using 

the Kahler quotient: 

Now we absorb into . This 'un-does' the D-gauge, and re- institutes the radial 
degree of freedom of the cone N over S, while leaving the U{1) isometry intact. 
The coset SL{2Wi)/ SO{2) is broken up and the remaining one-dimensional piece 
is parametrized by the scalar (f), with a metric depending on (j). The scalar 
manifold can be represented as a deformed product 

Here N/U(l) is the quotient of N with respect to its U{1) isometry rather than 
the Kahler quotient. The advantage of this way of organising the fields becomes 
apparent once we use real special coordinates on N. 

5.3 The real parametrization 

The kinetic term of the complex scalar fields takes precisely the same form as 
considered previously in section |4] 

~ -gijd^Y'd'^Y-' + ■■■ . 

We make the real decomposition 

= +iu^{x,y) Fi =yi + ivi{x,y) , 

and use the previous results to write this term in the Lagrangian as 



d^q'^dy" + • • • , (27) 



where = {x^,yi)'^. Note that our previous calculations are still applicable 
after the replacement Y^ , due to homogeneity. 
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The Kaluza Klein-scalar is given in terms of the real variables by 

= -2H = -2{x'vi(x, y) ~ ym'ix, y)) , (28) 

which is homogeneous of degree two in q'^ = {x^ , yi)^ ■ The kinetic term for the 
Kaluza Klein-scalar can then be written as 

and this term cancels against the second term in (l?7l) . When rewriting the 
terms descending from the four-dimensional gauge fields using the variables 
q^ = ^CiV, they take the form 

- 2 {r^abd^.q'')]' ■ 

We can now put together all terms and write the Lagrangian in terms of real 
fields as 

-^{d^^ + ^'l'^'^bdf.q'y ■ (29) 

This formula is one of our main results, and provides a new formulation of the 
supergravity c-map (and its temporal version) in terms of real variables and the 
Hesse potential. It comes surprisingly close to the Sasaki-type form of the rigid 
and local r-map and rigid c-map. The scalar term in the first line has precisely 
the form found for the local r-map, a Sasaki-type metric with the Hesse potential 
of the rigid theory being replaced by its logarithm. The terms in second and 
third line are simple and universal, they only depend on the constant matrix 
riab and the Hesse potential H (identified with the Kaluza-Klein scalar). We 
can also understand the origin of these additional terms. First, there is one 
term involving the dualized Kaluza-Klein vector (j). This field plays a special 
role because we could not absorb it into N in the same way as the Kaluza- 
Klein scalar. The other terms can be understood from our real formulation of 



e^iq^QabOf^q")'- 



Am 
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projective special Kiihler geometry. They arise from rewriting the tensor fields 
nj^i^ and Hab in terms of Hat- In the analogous case of the r-map such terms 
are absent, because there the analogues of Hab and Hab coincide, and because 
the scalar metric becomes the analogue of Hab after absorbing the Kaluza-Klein 
scalar. 

The fields in (1^^ are still subject to U{1) gauge transformations, and there- 
fore the quaternion-Kahler metric on the physical scalar manifold is obtained 
by a U{1) quotient. One could impose a gauge fixing condition and eliminate 
one of the scalar fields. Since the metric on the U{1) bundle parametrized by 
q°',q'^,(l) is degenerate along the direction generated by the U{1), we can choose 
any condition which is transverse to the U{1) action (such as = 0) and then 
restrict the (degenerate) metric on the bundle to the resulting hypersurface to 
obtain the positive definite quaternion-Kahler metric (or split signature para- 
Quaternion-Kahler metric). Since the U{1) action relates the members of the 

family of special connections to one another, the C/(l) bundle can be viewed 
as the bundle of special connections, and a U{1) gauge fixing as picking a special 
connection. 

We prefer not to fix the L'^(l) gauge and to work on the U{1) bundle, because, 
as we explained in section [3l a U{1) gauge fixing would spoil the manifest 
symplectic covariance. In the following section we will show that instantonic 
solutions can be constructed and be lifted to solitonic solutions, such as black 
holes, while preserving symplectic covariance. We will then revisit the issue of 
U{1) gauge fixing. 

6 Stationary Solutions 

We now turn to finding stationary solutions of the four-dimensional Lagrangian. 
Four-dimensional stationary BPS solutions for general vector multiplet cou- 
plings have been constructed some time ago by imposing invariance under part 
of the supersymmetry transformations ISll E] • We expect to recover 
these solutions and to obtain further non-BPS solutions. To this end we reduce 
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over a time-like dimension, therefore making the choice e = 1 in the formula for 
the reduced Lagrangian (|29p . We will find that in flat backgrounds we can give 
solutions to generic models in terms of harmonic functions. 

Before embarking into the details, let us explain the overall strategy. Since 
the three-dimensional Lagrangian is a combination of perfect squares, we will 
try to reduce the field equations to Bogomol'nyi equations which follow from 
imposing that the squares vanish individually. We will focus on solutions where 
the three-dimensional metric is Ricci-flat, and, hence, flat. This restricts the 
fields to take values in totally isotropic submanifold, and therefore we will call 
the corresponding ansatz the isotropic ansatz. After lifting to four dimensions 
we will obtain four-dimensional extremal static black hole solutions as well as 
over-extremal (singular) rotating solutions. The structure of the Bogomol'nyi 
equations can be read off from the Lagrangian One of the Bogomol'nyi 

equations results from imposing that the first line of (I29|) vanishes, which gives 
a relation of the form 

between the and the g", which is identical to the relation found for five- 
dimensional black holes [47] . If the scalar metric satisfies a certain compatibility 
condition, one can instead impose the more general condition 

where i?"^ is a constant 'field rotation matrix'. Such solutions are non-BPS, 
and will be discussed in a separate section. Once either of these condition is 
imposed, the terms in the second line combine into one term, which, however, 
has a similar structure as a term within the square in the third line. The most 
general ansatz only requires that the second and third line vanish in combi- 
nation, while a more restricted ansatz requires that the second and third line 
vanish independently. The restricted ansatz corresponds to static solutions, be- 
cause imposing that the third line vanishes is equivalent to the vanishing of 
the field strength of the Kaluza-Klein vector. Without this restriction, we ob- 
tain stationary rotating solutions. We will refer to solutions obtained from our 
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isotropic ansatz as isotropic solutions. Note that they will in general neither 
be BPS (since we admit a field rotation matrix), nor extremal (since rotating 
solutions are over-extremal). 

As in the five-dimensional case ^7], we will be able to demonstrate that 
the equations of motion can be reduced to decoupled harmonic equations by 
choosing suitable 'dual' coordinates. Therefore the solution will be given in 
terms of a set of harmonic functions. We will also see that this way we naturally 
obtain the generalized stabilization equations of four-dimensional black holes, 
in their algebraic and manifestly symplectic form. 

6.1 Equations of motion 



We will now derive all the field equations of the Lagrangian (|29l) and show 
explicitly how they are solved by imposing Bogomol'nyi equations. 

Firstly, we perform the variation of the equation (l29l) with respect to the 
field q"" to obtain the equation of motion 



2V^ 
+ 2V^ 



1 



q^VLca (q'^fldedaq" 



25a ( j^q' 



da 



^cbd^q'^ (q^^ded^q') - 2n,bd^q''^ {q^^dedt^^ 



(30) 



Next, the equation of motion for the g° fields 



2V^ 
4V^ 



j^^abd^ct (d^4> + ^(f^cdd^if) = 



(31) 



The equation of the field 0, which descends from the Kaluza Klein-vector, is 
given by 



1 







(32) 
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This equation is nothing but the Bianchi identity for V^^,, the field strength of 
the Kaluza Klein-veetor, which allow us to write the field strength in terms of 
a gauge potential V^^i, = d^Vi, — d^Vf^. Finally, from the variation of the metric 
we find the Einstein equations 

- {q'^nabd^q") {q^n.dd.q") + ^ {q'^nabd^q") {q'nM") 

\ (9^^ + iq'^nabd^^q") (5.0 + 2rn,dd,A = . (33) 



AH 

Dual coordinates 

The Hessian matrix Hab allows us to define a natural set of dual coordinates 

qa '■— Ha — —Habq' 

2H H \ 

By the chain rule we find the expression for the derivative of the dual coordinates 

Habdfj^q'' = d^qa = 

The existence of these dual coordinates is critical for obtaining solutions to 
generic models in terms of harmonic functions. Note that the definition of the 
dual coordinates is completely analogous to the five-dimensional case [4 7) . 

6.2 The isotropic ansatz 

A flat three-dimensional geometry requires that the energy-momentum tensor 
must vanish identically. To achieve this we must impose an appropriate ansatz 
for the fields, which consists of two distinct parts. The first part of our ansatz 
is to identify the vectors and d^q"' up to an overall sign 

d^q'' = ±d^r ■ (34) 

Upon imposing this ansatz the vacuum Einstein equations reduce to 



9^0 + 2q''nabd^q'' ) = — {q'^nabd^q"^ 
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The second part of our ansatz is now clear: we must make the identification 

i (^d,,4> + 2q'^nabd^ct) = q'^^abd^q'' , (35) 

where the choice of sign is important. One can interpret this as fixing (j) in terms 
of other fields which are independent 

^ = 2(g«Tr)W ■ 

Note that our first ansatz means that =F (7" is a constant in spacetime. By 
construction the ansatze p4p and ((35|) solve the Einstein equations with a flat 
spacetime metric. This means that the scalar fields take values in a totally 
isotropic submanifold of the target space of the non-linear sigma model described 
by the Lagrangian (|29l) . 

Next, we need to consider the effect this ansatz has on the other equations 
of motion. Firstly, from the (j) equation of motion we find the condition 







(36) 



Turning our attention to the q"^ equation of motion, we see that the second term 
will drop out, the third line will simplify, and due to p6l) the derivative in the 
second line will only act on q^. We are left with 



2V^ 



Habdf^q 



+ ■^d^q^n.a {q^^ded^^q') + 29, (^-^g^^ ^cbd^q""^ {q^^lded^.q'') 
- 2da (J^^ q'n.kd^^q"^ {q^'rided^q-) = . 

The fourth term then cancels with the derivative acting on the Hesse potential 
in the third term 



2V'' 



1 



Habd^q'' + —d^q'^ea + 2 — nabd^q'' {q^ndeO^q 







Since VLab is antisymmetric the second term cancels with the third term, and 
writing the first term in terms of the dual coordinates we are finally left with 



Ag, = . 



(37) 
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This is the Laplace equation for the dual coordinates qa , with respect to the flat 
Euclidean three-dimensional metric. Solutions are given by harmonic functions. 

Now let us consider the q"" equation of motion. From (1551) we see that the 
derivative in the second term will only act on q'^, and the second and third term 
will simplify to give 



2V^ 



Habd^q' 



2 2 







The second and third term cancel due to antisymmetry of VLab, and we again 
get the Laplace equation on the dual coordinates ([57)) . 

Let us finally check that the solutions to the q and q equations of motions 
are consistent with the <f> equation of motion (|36|) . Using the identity gTJac = 
— ^Ha^'^^Hbc, we can write the LHS of (1551) in terms of dual coordinates as 



(q^'Qabdnq' 



4 



{Han''''Hbcd^q' 



= -V^ [qa^'^'df^qb] 



-qan'^'Aqt 



It is clear that for solutions satisfying the Laplace equation the RHS will vanish. 
We conclude that upon imposing our ansatze all equations of motion reduce to 
the Laplace equation on the dual coordinates ([57]) . 

When rewriting the isotropic ansatz (|34p in terms of four-dimensional quan- 
tities one recovers a well known relation which for four-dimensional BPS so- 
lutions follows from supersymmetry. First, it is useful to note that the three- 
dimensional scalars = ^(C'^, C/) are related to four-dimensional field strength 

by 

While the first relation holds by definition, the second requires one to combine 
and manipulate various of the relations in this section. The above relations 
show that the scalar fields C^,Ci can be interpreted as electro-static potentials 
for the field strength and Hodge-dual field strength. Combining this with (g") = 
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i (y^ + Y\ Fi{Y) + Fi{Y)) = ie"^/2 {X^ + + the isotropic 

ansatz p4p becomes 

9,(e^/2(X^ + X^)) ^ ^ ±{f'X + , (38) 

a^(e*/2(i^/ + F,)) = ±G,|^o = ±(G+^o + G,^^,) . (39) 

Thus the isotropic ansatz imphes that the real part of the symplectic vector 
{X^,Fi) is proportional to the gauge potentials. For supersymmetric solutions 
this follows from the gaugino variation, see for example while here we 
obtain it as the Bogomol'nyi equation associated to the first line of ((29)) . 

Remarks on the local U{1) symmetry 

The ansatz (|34|) . ([35]) for stationary BPS solutions breaks the manifest local 
U{1) invariance of the equations of motion. This is obvious since we equate 
quantities which transform under the U{1) to quantities which don't. In other 
words the ansatz implicitly fixes the U{1) gauge. Since symplectic covariance 
and the global isometrics are respected by the ansatz, the gauge fixing respects 
these symmetries. Moreover, once the equations of motion have been solved, 
we can specify the gauge fixing condition explicitly. Re-writing the solutions 
Qa = "Ha, where Ha are harmonic functions, in terms of the complex variables, 
this becomes 

e'^{Y^ -Y') ^ -in' , e-^{Fi-Fi)^-ini , (40) 

where H' ,Hi are harmonic functions. Rewriting this in terms of the original 
four-dimensional fields X' , we obtain 

e~^/\x' - X') ^ -iH' , e-'^/^Fi - Fi) ^ -iHi . (41) 

Using the D-gauge —i{X'Fi — FjX') = 1, we can verify that 

X'Hi - FjH' = e"^!"^ . (42) 

This relation is clearly not (7(1) invariant and can be viewed as the U{1) gauge 
fixing implied by our ansatz. It reflects that the fields Y' only correspond to 
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2n+ I independent scalar fields. This missing real scalar, the dualized Kaluza- 
Klein vector 0, is determined by its own equation of motion. Note that we 
could not gauge fix the U{1) by a symplectically invariant condition of the form 
(j42p without imposing part of the field equations. As explained in section [3] a 
condition of this type forces the fields to be orthogonal to the U{1) action. Since 
this distribution is the contact distribution of the Sasakian, it is not integrable, 
and cannot be used to realize iV as a hypersurface in the Sasakian (or the 
(para-)quaternion-Kahler manifold as a hypersurface in the principal bundle 
parametrized by q"" ^ q"" , (p) . However, solutions to the field equations correspond 
to maps into lower-dimensional submanifolds of the scalar target space, and 
integral manifolds of lower dimension do exist. 

We remark that there is an alternative description which allows to keep the 
/7(1) invariance manifest and effectively decouples the U{\) gauge degree of 
freedom. As in , one can modify the definition of as 

Y' = e'l'/^hX' , (43) 

where /i is a phase factor which transforms with the same charge under U{1) as 
. Note that in [11 a different convention is used, which corresponds in our 
notation to taking Y^ — e^'^^^hX^ , instead of the above relation. This only 
alters how e*^ depends on the independent coordinates Y^ , but has no baring 
on our discussion. When comparing to 11 , note that the Kaluza-Klein scalar 
e'^ is related to the functions f,g used there by e"^ = e~^-^ — e^^ . 

The effect of the modified definition P5)) is that Y^ is now a [/(I) invariant 
field. Due to the degeneracy of gu and the homogeneity properties of the 
functions involved, this modification does not change the calculations presented 
above. In particular, no derivative term for the field h is generated. When 
rewriting (j40[) . by replacing the U{1) invariant variables Y^ by the original 
variables X^ , which are subject to U{1) transformations, we obtain; 
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as in [TT], except for a different normalization of the ^ Using again tfie 
D-gauge —i{X^Fj — FjX^) = 1, this implies 

which determines the compensating phase h for our solution. 
Remarks on attractor behaviour and gradient flow equations 

The equations (HOI) . (PT|) are the well known black hole attractor equations. To 
be precise the term attractor equations is applied in the literature to both the 
equations which determine the values of the scalars on the horizon, and to the 
more general equations which determine the scalars globally in terms of har- 
monic functions. Here we have recovered the global version, the horizon version 
can be obtained by taking the near horizon limit. The equations (|40p are al- 
gebraic equations, and they are symplectically covariant. Another formulation 
of the attractor equations takes the form of gradient flow equations driven by 
a so-called 'fake superpotential' |M1 IHS]. Most of the literature on gradient 
flow equations focuses on spherically symmetric solutions and uses the physi- 
cal scalars z\ so that the resulting equations are not symplectically covariant. 
Recently the BPS equations for four-dimensional JV = 2 gauge theories were 
reformulated, using the Hesse potential, in symplectically covariant form, for 
general non-spherical solutions 66^ . 

Our formalism by-passes the gradient flow equations and we directly obtain 
solutions in terms of harmonic functions. While we leave a comprehensive dis- 
cussion of the relation between our approach and gradient flow equations for 
future work, we would like to expand a little on the discussion given in |47j . 
where we observed that the field equation can be recast in first order form. One 
way of re-writing the second order equations of motion into first order form is 
to rewrite the Lagrangian as a (possibly alternating) sum of squares. This can 
be done systematically within our formalism, as follows. Upon inspection of the 
Lagrangian (|29|) we see that the second and third line are already written as the 



^And, of course, in the present paper we do not consider higher derivative terms. 
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sum of square terms. We then only need to consider the first line, which we can 
write as 

+ Total derivatives , 

where T-La are harmonic functions. In the spherically symmetric case one can 
dimensionally reduce the Lagrangian to one dimension, where derivatives of har- 
monic functions are just constants, which can be identified with the conserved 
charges carried by the solution. One then obtains gradient flow equations, which 
are driven by the central charge in the supersymmetric case and by a fake su- 
perpotential in general. We refer to (IT] for a discussion of the spherically 
symmetric case and proceed without imposing spherical symmetry. 

The first part 9^(7° — ±9^(7" of the isotropic ansatz can be seen as imposing 
that the squares displayed above vanish. The second part of the isotropic ansatz 
matches the remaining squares, which appear with a relative sign difference, and, 
hence, the sum of all squares vanishes. The reduces the field equations of the 
three-dimensional scalars to first order equations, which become the usual flow 
equations upon imposing spherical symmetry. By eliminating the fields by 
their equations of motion, we are left with (generalized) flow equations for the 
fields (7° , which are the four-dimensional scalars combined with the Kaluza-Klein 
scalar, i.e. a component of the four-dimensional metric. 

When we instead eliminate the harmonic functions, we recover the isotropic 
ansatz. We can also make contact with relations recently found in [66] by 
contracting 

d^q'^ = ±9^r • 

with qa — Ha- Then the left-hand side is related to the gradient of the Hesse 
potential, 

d^,H = Had^.q-' - qad^q" , 
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while the right-hand side is 

This can be related to the expression for the graviphoton in terms of real coor- 
dinates by Hodge-dualizing the field strength 

Thus we obtain a relation between the gradient of the Hesse potential and the 
magnetic components of the graviphoton, or, equivalently, the electric compo- 
nents of the Hodge-dual of the graviphoton 

This relation appears to be the local analogue of an equation for the gradient of 
the Hesse potential recently found in 66 for BPS dyons in rigid A/" = 2 theories. 
As the unique symplectically invariant contraction between scalars and gauge 
fields, the graviphoton plays the role of the central charge vector field used in 

m- 

6.3 Rotating solutions 

We now have an ansatz for finding stationary isotropic solutions (flat 3d met- 
ric) to completely generic models in terms of the dual coordinates. However, in 
order to write down these solutions explicitly in terms of the four-dimensional 
fields one must disentangle them from the dual coordinates. This is equivalent 
to solving the generalised stabilisation equations, and is not always possible 
in closed form. In this section we will discuss solutions which lift to rotating 
over-extremal solutions in four-dimensions, with the STU model as an explicit 
example. These solutions are characterised by axial symmetry and the require- 
ment that they are asymptotic to Minkowski space at infinity. 

The results of the previous section show that upon imposing our isotropic 
ansatz ([34]) and ([35|) . the equations of motion reduce to Aqa = 0, and solutions 
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are given in terms of the dual coordinates by harmonic functions 

We wish to disentangle the four-dimensional metric from this solution, and show 
that it corresponds to a rotating solution. We can do this by retracing our steps 
in the dimensional reduction procedure to find 

- 5^,, , = -2H , = ie^-p {nidPn' - dPUi) . (45) 

The first equation is trivial; the second is model dependent and we will look 
into it in more detail later. For now let us focus on the third equation, or 
more accurately set of equations. These are entirely independent of the details 
of the model, i.e. choice of prepotential. Following the method for producing 
rotating isotropic solutions used in |531 154j , we impose that solutions are axially 
symmetry about the coordinate in an oblate spheroidal coordinate system, 
defined by 



X = \/ + cP' sin Q cos 
y ~ \/ oP- sin d sin ip , 



z — r cos ( 



The (flat) three-dimensional Euclidean metric is given in these coordinates by 



In this coordinate system the third set of equations in (1451) become 

, n , I, . ^ deV^ - \ {UidrU' - n'drUi) , (46) 
(r"^ -I- a'') amO ^ ' 

-^drV^ = i (niden' - H'deHi) . (47) 
sm6' ^ ^ ' 

Since solutions should be asymptotically flat, we must require that Sj^Vyj — >■ 
as r — > oo. We will come back to this shortly. Single-centred harmonic 
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functions in oblate spheroidal coordinates can be written as 

^ , r , J p^r + a cos 9 

qir + miacosO 
til = hi -\ 



R 



where R = +q:^cos^6'. It is understood that {h^ ,hi,m^ ,mi,p^ ,qi) are all 
independent integration constants. While h^,hi determine the values of the 
scalars at infinity and p^,qi are the magnetic and electric charges, ,ini are 
the dipole momenta [51]. In [SI] a restricted class of harmonic functions was 
considered, which corresponds to switching off half of the integration constants 
appearing in the expressions above. This restricted class of solutions was taken 
in order to satisfy the condition that the field strength of the U{1) connection 
vanishes. In our formalism it is clear that we do not need impose this condition 
to produce solutions. 

Integrating the equations (|46|) and (|47p we find an explicit model indepen- 
dent expression for the only non-zero component of the KK-vector 

= -{hip^ — h^qi) cos 9 



-t- ^{mih^ - m^hi) sin^ 9 

+ ^{mip' -m'qi)sm^9(^^^ +C , (48) 

where C is an arbitrary constant. We observe that all three independent sym- 
plectic constructions of the vectors {h^,hi), {p^ ,qi) and {m^,mi) of integration 
constants appear in this expression. The term in the second line is the angular 
momentum of the black hole, while n = ^{hip^ — h^qi) is the NUT charge, as 
can be seen by comparison with |671 168| . The term in the third line does not 
carry a particular name, but is known to occur in rotating solutions [67] . For 
static solutions all these terms are absent, which beside = mi = imposes 
the constraint hip^ — h^ qi = on the integration constants. Note that upon 
imposing this condition the KK-vector reduces to 



a sin^ I 



\(^mih^ - m^hi^r + \{rnip' - qi^ . (49) 
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Since this is proportional to a it will vanish in the static limit. In the general 
case Vip does note vanish for r — > cx) unless we impose hjp^ — h^pi — (and 
C = 0). However, since the field strength 9[^tV^] goes to zero, such a term could 
be eliminated by a coordinate transformation. In addition to requiring the KK- 
vector to vanish asymptotically, we also need to ensure the KK-scalar behaves 
appropriately, i.e. e'^ — > 1 as r — > oo. This will place one more restriction on 
the integration constants {h^,hj). Since the KK-scalar is a model dependent 
field we will need to look at specific examples if we wish to write this constraint 
explicitly. 

The formula for the ADM mass for axially symmetric solutions is given by 

167rMADM 2 </" d^j:''e-'^dr(j) . 

Expanding in descending orders of r we have 

d^E'' = {r^ +0 (r)) sin dOdip , e""^ = 1 + O 

Computing the ADM mass one finds a particularly simple dependence on the 
Hesse potential 

Madm = - hm r^drH . 

I — ^oo 

We would now like to investigate the relation between the mass and central 
charge. For solutions with vanishing NUT charge one has r'^q°'Q.abdrq^ — > 
asymptotically, which implies that r^qa^'^^drqb asymptotically. We can 
then write the mass as 

Madm = lim r2((?" - iH^l''\^drqa , 

= lim \x\i-Fip^\ = lim \Z\ . (50) 

This confirms that these solutions are BPS. 

Before we enter into a discussion of specific models, we need to make a 
few comments about this class of rotating solutions. It contains the rotating 
supersymmetric solutions of [54], which are not black holes but have naked 
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singularities. As is well known, for rotating four-dimensional solutions the ex- 
tremality bound is higher than the supersymnietric mass bound, so that rotating 
supersymmetric solutions are necessarily singular. Besides the ring singularity 
at r = 0, a non- vanishing NUT charge can introduce further singularities |68| . 
We also remark that time-independence might imply further constraints on the 
allowed charges [SH [53]. Due to such constraints and the presence of naked 
singularities, the physical relevance of these rotating solutions is not immedi- 
ately clear, in contrast to the static solutions to be considered later. For us 
they are interesting for technical reasons, because they show how rotating solu- 
tions can be obtained within the framework of dimensional reduction over time. 
To obtain physically relevant rotating solutions without naked singularity our 
method needs to be extended to solutions which take values along non-isotropic 
submanifolds. This is similar to the problem of deforming static extremal into 
non-extremal black holes, and both problems will be addressed in future work. 
We conclude this section by giving the explicit solution for the STU model. 

6.3.1 The STU model 

For the STU model we can find solutions explicitly in closed form. The model 
is characterised by the prepotential 



The name S'Tf/- models derives from the conventional notation S,T,U — yn-, 
i = 1,2,3 for the physical scalars. The corresponding Hesse potential is given 
in terms of the imaginary parts of , Fj by 

H — —2^—{u^VlY + dABCU^U^d^^^VDVe + 4,U°ViV2V3 — Avqu^u'^u^ , (51) 

where (Iabc = kABcl- A detailed derivation of this expression is given in 
appendix A.l. 

Rotating isotropic solutions to this model correspond to taking jjU^ = Ti^ 
and jjvi — T-Lj. Using the expression e"^ = —2H we can write the KK-scalar for 
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the STU model explicitly in terms of harmonic functions 



In order that the solution is asymptotically Minkowski space we must impose 
a constraint on the integration constants 

-{h^hif + dABch^h^d'^^^hDhe + 4/i"/ii/i2^3 - ^hoh^h^h^ = 1 . 

At first glance it also appears that the KK-vector P5|) will not vanish asymp- 
totically, as is required for Minkowski space. However, since the field strength 
of the KK-vector vanishes asymptotically we can make a change of coordinates 
so that spacetime is Minkowski. 

For completeness, let us remark on the remaining four-dimensional fields for 
this solution. The original complex scalar fields are given by 

X^ = e-iY\ X^ = e-iY\ (52) 

where are given in terms of , vj through 

Y° = — ^ (2u^ + i2u°U) , Y^ = — ^ (-2w2 + i2u^U) , 

Y^ = (-2U1 + i2u^U) , Y^ = iUY° , (53) 



with 



.vqvP -\- Viu^ + V2V? — vzu^ 
U ^ ^ 

2 (waitO -I- uiwi) 



y -I- u^v? 4(w3u0 -I- u^vP'Y ■ ^ ' 

These expressions have been adapted from similar expressions derived in [75] . 
One can substitute — —^e'^^^H^ and vj = — ^e'^/^'H/ to obtain the solution 
explicitly in terms of harmonic functions. The gauge fields are given by the 
expressions (p8l) .(p9 l) . 
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7 Static Solutions 
7.1 General discussion 

When we impose that solutions are static and not only stationary, the isotropic 
ansatz provides us with extremal black hole solutions. This class is therefore 
of imminent physical importance. Static backgrounds are characterised by a 
vanishing KK- vector = 0, which in dualised fields corresponds to 

^ ^dj + ^r^abd.q") = 0. 



2H 

To obtain static solutions we will impose precisely the same isotropic ansatz as 
for stationary solutions, but in order to link to previous work we will reverse 
the order in which we apply the two parts of the ansatz. We first impose only 
the second part of the isoptropic ansatz psp . which in this case is simply 



q^^abd^q' - ig^l^af-a^g" = k [d^^^ + ^r^^abd^q") = . (55) 

It is then clear that the equations of motion simplify considerably. Only the 
first line of each equation is relevant, and we are have left with 



Habdnq' 



b 



^daHbc {d^q'd^'q' - d^q'd^^r) = , (56) 



Habd^.q" =0, (57) 



Hab {d^q^'d^q" - d^rd.q") = -^Rs^u ■ (58) 

The equation of motion corresponding to the KK-vector is clearly solved auto- 
matically. The effective action for these equations is given by the first line of 

(Hi 

The equations of motion (|56p (|57|) and (I55|) take precisely the same form as 
when one reduces fivc-dimensional vector-multiplets over a timelike dimension 
in static, purely electric backgrounds. Both isotropic and non-isotropic solutions 
have been found in this case, and can be shown to lift to electrically charged 
extremal black holes 07] and non-extremal black holes respectively [351. In 
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order to obtain non- isotropic solutions one must modify p4p . the part of our 
ansatz that relates (9^g and by a universal 'non-extremality' factor. In this 
case the three-dimensional spacetime metric is no longer flat but conformally 
flat. The machinery for producing these non-isotropic solutions takes a slightly 
different form than in the isotropic case, and for that reason we will not consider 
these solutions in this paper. We remark that is possible to use the techniques 
established in [IS] to produce non-isotropic solutions which lift to non-extremal 
black holes in four-dimensions, which we have found for particular models, but 
we leave a detailed discussion of this topic to future work. 

In order to produce isotropic solutions to these equations of motion in flat 
three-dimensional backgrounds we must again impose the ansatz 



It is clear by inspection that in this case all equations of motion reduce to the 
Laplace equation for the dual coordinates 



In this case condition ([55]) places one constraint on the integration constants of 

Qa- 

The formula for the ADM mass for is given by 



Using the fact that the NUT charge vanishes q°'Vl.abd^q^ = 0, which implies that 
qa^°'''d^qb = 0, we can write this as 



(59) 



Ag, = . 




Since e*^ — >■ 1 at spatial infinity we can write this as 






(60) 



These extremal black hole solutions therefore satisfy the BPS bound. 
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7.2 Examples of extremal black hole solutions 

We will now consider explicit solutions to the equations of motion in static 
backgrounds. We impose the ansatze ([55]) and ([5^ and solutions are again given 
by harmonic functions, but in this case they are not bound by any symmetry 
constraints. Solutions correspond to extremal black holes in four-dimensions in 
the sense they have finite horizons, are asymptotically Minkowski, and saturate 
a bound on the mass and charge. 

We will first consider a class of extremal black hole solutions of the STU 
model that are obtained by taking the static limit of the rotating solutions dis- 
cussed in the previous section. We will then present axion-free solutions to a 
wider class of models which have prepotentials of the form F{Y) = — — y't — ■ 
This class of models includes those that have a 'very special' form, where 
f{Y^, . . . , F") is a homogeneous cubic polynomial. Such models can which be 
obtained by the dimensional reduction of five-dimensional theories. While axion- 
free solutions for very special prepotentials are well known |52| . our derivation 
shows that to obtain solutions it is enough to assume that / is homogeneous, 
and so we can obtain axion-free solutions for a larger class of prepotentials. 

We end by giving explicit solutions to models where / = STU + aU^ . This 
is a deformation of the STU -model which is still of the very special form, but 
the target space is no longer symmetric. The model with a — ^ corresponds to 
a particular Calabi-Yau compactification and its heterotic dual [501 IZS] • 

7.2.1 The STU model 

We first consider the static limit of the rotating solutions found in the previous 
section. This will give us extremal black hole solutions to the STU model. 
Taking the static limit amounts to setting a — >■ and imposing the constraint 

qi — hip^ — , 

which ensures the KK-vector vanish identically. The dipole momenta m^,mj 
completely vanish from the solution, along with angular momentum and NUT 
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charge, and we are left with a spherically symmetric configuration. The expres- 
sion for the KK-scalar remains unchanged, and we obtain the solution 



where the harmonic functions are given by 

r 

Hi = hi + — , 
r 

The asymptotic integration constants /i^, hi satisfy the two constraints 

hip' - h'qi = . 

Like in the case for rotating solutions, using the expression ()28p we can write 
it^, vj explicitly in terms of harmonic functions by 

u' - -ie-^H^ , VI = ~^e'l"Hi. (61) 

The original four-dimensional scalar fields are given by 

where Y' are given in terms of harmonic functions through (|53p and (|6ip . Again, 
the gauge fields are given by the expressions (p8l) .(p9 l) . 

The above extremal black hole solutions of the STU model are spherically 
symmetric as they were obtained by taking the static limit of axially-symmetric 
rotating solutions, but this need not be the case in general. If we do not impose 
any symmetry constraints on spacetime then we will obtain the same expres- 
sions for the four-dimensional fields, but with the harmonic functions which are 
completely general. Multi-centered black hole solutions with centers are at Xa 
correspond to the choice 

\X Xa 
a ' ' 
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7.2.2 Models of the form F = /(^'^-''^") 

A class of models for which we can find explicit extremal black hole solutions 
are those where the prepotential takes the form 



F{Y) 



where / is real when evaluated on real fields. Since F is a homogeneous function 
of degree 2 it follows that / is a homogeneous function of degree 3. If / is in 
particular a cubic polynomial / = CabcY^Y^Y'^ with real Cabc, then this 
is of the 'very special' form which derives from five-dimensional supergravity by 
reduction. 

We will consider a restricted set of solutions that are characterised by the 
requirement that Y^ are purely imaginary and Y^ is purely real, which im- 
plies that the four-dimensional scalars = Y^/Y^ are purely imaginary. For 
very special prepotentials, where the real part of Z"^ corresponds to a five- 
dimensional gauge potential, this means that such solutions are 'axion-free.' 
For / = CabcY'^Y^Y^' it follows that Fq is imaginary while Fa are real. If we 
replace Cabc^^Y^Y'^ by a general homogeneous function / of degree three 
this remains true only if we impose that / is real when evaluated on real fields 
Y^ (and, by homogeneity, imaginary when evaluated on imaginary fields Y^). 
Therefore we , we impose this condition in the following, and 'axion-free solu- 
tions' are characterized by the consistent reality condition on the fields which 
impose that Y" and Fa are purely real while Y"^ and Fq are purely imaginary. 
In terms of real variables this corresponds to imposing that 



X 



2/0 = 0, (62) 



which defines a particular submanifold of the scalar manifold. In terms of dual 
coordinates (|62|) is equivalent to 



vi^ ...^Vn^u" . (63) 
With the above assumptions we can write Y^,Fj in terms of the dual real 
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coordinates as 

Y° = X, Fo^ ivo 



Y^'^iu'', Fa 
where 



A_. A ^ _ fA{u\...,u") (64) 



and /a — ^4-- Using ^TE\i and (^5)) we obtain expressions for the KK-scalar 
and Hesse potential (evaluated on axion-free configurations) 



= -2H = -i{Y'Fi - FiY') = 8 Vfo/("\ • • • , «") • 

The real parts of Y^ , Fj can be read off from ((64|) as 

X /a(u\...,u") 

X" = \ , VA^ -j^ . 

This amounts to solving the generalised stabilisation equations, and is the reason 
why we can find solutions explicitly in closed form. 

Solutions to these models are given in terms of harmonic functions by 

e-^ = v/4Ho/(Hi,...,H") , 
Qt^u ^Sf^y , V'^ = . 

The harmonic functions are given by 

Ho = ho + ^ 1 — — I , = + ^ 1 — — I , 

a ' ' a ' ' 

with Ha=H^ = 0. 

The asymptotic integration constants , hi must satisfy only one constraint 

4/io/(/i\...,/i") = l. 

We can write wq, explicitly in terms of harmonic functions by 

vo = -\e'>"Ho , = -ie-^-H-^ . (65) 

The original four-dimensional scalar fields are given by 

which can be written in terms of harmonic functions using ((64)) and (|65l). The 
gauge fields are given by the expressions ([38 ]) . (|39l) . 
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7.2.3 The STU + aU^ model 

We now turn to a specific one-parameter family of models of the form F = 
— — 'yo-^ — -, which are characterised by the prepotential 

F{Y)= y'Y'Y' + <^iY')\ 

This is a deformation of the 5T?7-model where the target space is no longer 
symmetric. Specialising to solutions with = x'^ = =0 and ?/o = we have 
yo = A , Fo = ivo, 



y2 = lu^ , F2 = , 

= lu^ , F3 = —— , 



where 



Solutions are given in terms of harmonic functions by 
where the harmonic functions are again defined to be 

^ \X Xa\ ^ \X Xa\ 

with Ha = = 0. The asymptotic integration constants ,hi must satisfy 
the constraint 

-4ho{h'^h^h^ + ah^^) = 1 . 
We can write Vo,u"^ explicitly in terms of harmonic functions by 

vo = -\e't"Ho , = -\e't"H^ . (67) 

The original four-dimensional scalar fields can be determined through the ex- 
pressions 

X' = e-iY' , 
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which one can write explicitly in terms of harmonic functions using (j66l) and 
(p7|) . The gauge fields are given by the expressions ([55]) . ([M ]) . 

7.3 Field rotations and non-BPS solutions 

Four-dimensional extremal non-BPS have been studied in the past [69l [70l [71] , 
and more recently there has been increased interest in this topic, starting from 
[72l [73l [74] . As in the five-dimensional case [47j, the ansatz 9^(7° = ±9^(7° with 
a universal sign does not necessarily exhaust all solutions. To obtain further 
solutions we can adapt the observation that new solutions can be generated 
by flipping signs of charges [70], or, more generally, by 'rotating charges' 
I64j . BPS solutions correspond to particular combinations of signs, while other 
choices lead to non-BPS solutions. 

As we have seen above the ansatz S^q" — ±9^5" leads to BPS solutions. 
For static solutions we can use the same generalization of the ansatz as in five- 
dimensions [4 7) and introduce a constant field rotation matrix 

d^q'^ = R\d^(t . (68) 

This is the analogue of 'rotating charges' in our framework. By inspection of the 
field equations, we find that this ansatz only works if the following compatibility 
condition between the scalar metric and the field rotation matrix holds 

HabR'^c^'' d — Hcd ■ (69) 

If this condition is satisfied, then the solution for the dual scalar fields qa,qa is 
again given by harmonic functions, but now the harmonic functions for qa are 
related to those for qa through the constant matrix Rj', which is the transposed 
of the inverse of i?"^: 

d^qa ~ dfji.a = Rj'df^qb = Rj'df^Hb , R'^^^a'^ — ■ 

Equivalently, the relations (|38| and (|39|) between four-dimensional scalars 
and gauge fields are modified by the presence of this matrix. Decomposing the 
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field rotation matrix Ff^' ^ into blocks 

^ -\C D ) ^ 
the expressions for the gauge fields become 

d,{e^/^{X-^ + X-^))Aj ' + d,{e^/\Fj + Fj))C" ^ ±{fI,1+ + f'.I) , (70) 
d.ie^/'iX-' + X'))Bji + d,ie^/'iFj + Fj))D\ = ±{G+,^ + G,-,^) . (71) 

In particular, the electric and magnetic charges appear rotated relative to the 
solutions of the scalar fields. Note that in general not only the charges but also 
the asymptotic behaviour of solutions changes |75] . This is necessary in order 
to avoid introducing naked singularities!^ 

The presence of a non-trivial field rotation matrix also modifies the ADM 
mass (pO)) : 

Madm = d'S'' 
47r Js2 

This makes it manifest that such solutions are not BPS. Note that we saw above 
that the R — ±Id leads precisely to the relation between four-dimensional scalars 
and gauge fields which is implied by the BPS condition. 

Since a field rotation matrix only provides a solution if the compatibility 
condition (|69p is satisfied, it is in general not clear that non-BPS solutions can 
be obtained by this ansatz. For symmetric spaces non-BPS solutions can be 
obtained in a systematic way using group-theoretical methods |361 I37j . For 
non-symmetric target spaces these methods do not apply, and therefore it is 
interesting to ask under which conditions one can guarantee the existence of a 
non-trivial field rotation matrix which satisfies (j69|) . 

Geometrically, this is equivalent to the problem of identifying totally geodesic, 
totally isotropic submanifolds of the scalar target space. We have seen that for 
c-map spaces there is a universal solution, given by the ansatz df^q'^ — ±dfj_q°', 
which corresponds to BPS solutions. Finding non-BPS solutions amounts to 

^''We thank the authors of I75| for bringing this to our attention. 
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finding further such submanifolds, which correspond to the non-BPS branches 
that one can identify in symmetric target spaces by group theoretical methods. 

In tlie following section we establish that a non-trivial field rotation ma- 
trix exists for non-axionic solutions of models with a prepotential of the form 
F = — — fw — - where / is real when evaluated on real fields, i.e. for the class 
of examples considered above. Before we turn to the details, we remark that we 
do not only need to impose a condition on the model (i.e. on the form of the 
prepotential), but also on the field configurations, by restricting to axion-free 
solutions. This corresponds to restricting to lower-dimensional submanifolds of 
the scalar manifold. If no such restriction is imposed, the compatibility condi- 
tion (j69|) implies that the field rotation matrix acts by an isometry. Requiring 
the existence of such an isometry imposes a condition on the prepotential. By 
restricting to field configurations which are axion free, the compatibility condi- 
tion (IM)) becomes less restrictive and we can establish the existence of a field 
rotation matrix under much milder assumptions on the form of the prepotential. 
But the resulting totally geodesic, totally isotropic submanifold corresponding 
to the axion-free non-BPS solution is of lower dimension than the submanifold 
corresponding to BPS solutions, which has maximal dimension. It would be 
interesting to clarify whether this is a generic feature of non-BPS solutions in 
models with non-symmetric target spaces. 

Finally, we mention that in the rotating case one cannot simply adapt the 
isotropic ansatz in the same way when a field rotation matrix is available, as 
this no longer produces a solution to the equations of motion. In order to 
produce non-BPS rotating solutions one needs to relax the condition that three- 
dimensional metric is flat. We will not consider such solutions in this paper, 
and leave the investigation of such solutions to future work. 

7.3.1 Non-BPS solutions to F = /(^V-.^'") models 

For models with prepotentials of the form F = — — — ; where / is real when 
evaluated on real flelds, there always exists a non-trivial field rotation matrix 
for solutions satisfying the conditions ([62|). For the remainder of this section we 
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will focus on the specific case where n — 3, but the solutions can be extended 
to arbitrary n > 1 without loss of generality. 

To see why a field rotation matrix always exists for this class of models we 
must analyze the matrix Hat in some detail. Firstly, one observes that the 
conditions (|62p imply that the matrix Hat decomposes into 



Hab = 
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* 










































































































































* 


* 





(72) 



where a * represents a possible non-zero entry. To see why this is the case, 
consider, for example, the matrix element Hiq. Let us denote by jj the restriction 
of solutions to ([62]) . We can write Hiq as 



H 



10 



d (dH 







In the second line we used that the variable x'^ does not enter into the axion-free 
condition jj, which amounts to setting other variables to constant (zero) values. 
Therefore we can take the derivative with respect to x'^ after imposing the axion 
free condition ji. In the third line we used the fact that §M- — This is valid 
irrespective of the condition (J by definition of the dual coordinates. The same 
argument is true for any matrix element containing one index in {0, 5, 6, 7} and 
one index in {1,2,3,4}. 

When expressed in terms of u^,vi, the axion free ansatz (I62p implies that 
vi = V2 ~ = u*^ = 0. Consequently, the corresponding harmonic functions 
vanish Hi — — T-Ls = V." ^ 0, and the central 4x4 block appearing in (|7^ 
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completely decouples from the equations of motion, and is of no relevance to 
the remaining discussion. 

Actually, the matrix Hat decomposes even further. Using the formula for 
the Hesse potential (ISTI) for this class of solution, which is derived in appendix 
IA.2l one observes that Hat takes the more restrictive form 

/ 
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(73) 



where the entries in the bottom-right block depend only on j/i, y2, 2/3- 

For such solutions, these modes always admit a non-trivial field rotation 
matrix of the form 





/ -1 


\ 






V 


l2ri+l 



(74) 

One can therefore find non-BPS solutions to these models generically. 
7.3.2 Non-BPS solutions to STU + aU^ model 

Since this model falls into the category of F = — — — - it admits the non- 
trivial field rotation matrix given by (j74p . and we can obtain non-BPS solutions. 
The non-BPS solutions are given explicitly by 



where the harmonic functions are again given by 



qoo 



Pa 



^ \X Xa\ '-^ \x Xa\ 

with T-La = T~l,^ = 0. The asymptotic integration constants h^,hj satisfy the 
constraint 
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We can write vq, explicitly in terms of harmonic functions by 

vo = ^e^Ho , u"^ = -^e'l'n^ . (75) 

The original four-dimensional scalar fields can be determined through the ex- 
pressions 

which one can write explicitly in terms of harmonic functions using (|66p and 
([75|l . The expressions for the gauge fields remain unchanged, and are given by 

dsn),®. 

8 Conclusions and Outlook 

In this paper we have shown how four-dimensional J\f = 2 vector multiplets 
coupled to supergravity can be described in terms of a real formulation of spe- 
cial Kahler geometry using the gauge equivalence with conformal supergravity. 
Key technical points, which allowed us to preserve symplectic covariance, were 
to avoid U{1) gauge fixing, and the use of the degenerate metric obtained by 
integrating out the auxiliary U{1) gauge field. Geometrically this corresponds 
to working on the Sasakian S or the conical affine special Kahler manifold N, 
and to use a horizontal lift for the metric. We expect that this formulation will 
be useful for studying non-holomorphic corrections. 

By dimensional reduction we have obtained a new formulation of the su- 
pergravity c-map, which is complementary to other existing formulations and 
offers new insights into the geometry as well as practical advantages for some 
types of problems. In our formulation the local c-map comes very close to the 
Sasaki form of the rigid r- and c-map, and of the local r-map. It is manifestly 
symplectically invariant with respect to both vector and hypermultiplets, it is 
completely formulated in terms of real variables, and it provides a simple and 
explicit expression for the quaternion-Kahler metric in terms of the Hesse poten- 
tial. We have introduced a new geometrical object, a principal U{1) bundle over 
the quaternion-Kahler manifold, and work with the horizontal lift of the metric 
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to the total space of this bundle. We are currently investigating the deeper 
geometrical interpretation of our results and expect that this will be useful for 
understanding the dynamics of hypermultiplets in string compactifications. One 
obvious question is the relation of our construction to the hyper-Kahlcr cone 
and twistor space, which could lead to a more complete picture of the c-map, 
hypermultiplets, and black hole and instanton solutions. 

When applied to the temporal version of the c-map, the new parametrization 
makes it easy to find instanton solutions which are restricted to totally isotropic 
submanifolds. By dimensional lifting we have obtained extremal black holes and 
over-extremal rotating solutions. Since the equations of motion are reduced to 
decoupled harmonic equations, multi-centered solutions can be obtained as eas- 
ily as single centered ones. The flexibility in choosing harmonic functions at the 
very end is an advantage of the method, which was further illustrated by con- 
structing rotating solutions. Since the method does not rely on Killing spinors 
it is not restricted to supersymmetric solutions. The black hole attractor equa- 
tions and other relations known from supersymmetric solutions are derived from 
geometric properties of the scalar manifold and take a manifestly symplectically 
covariant form. For static extremal solutions we thus obtain a full generalization 
of the previous results on five-dimensional black holes [4 7) . 

While the canonical version d^q'^ — ±d^q^ of the ansatz always works and 
leads to BPS solutions, non-BPS solutions can be obtained if a non-trivial field 
rotation matrix exists, which must satisfy a compatibility condition with the 
metric. For non-symmetric target spaces the existence of such a matrix is non- 
trivial, but we were able to show that it exists for axion-free solutions for a 
class of prepotentials, which contains the very special ones as a subclass. An 
interesting future direction is to develop the understanding of non-BPS solu- 
tions for non-symmetric target spaces. Since symmetric spaces are contained in 
our formalism as special cases, one promising strategy is to translate the group- 
theoretical characterisations of BPS and non-BPS solutions into geometrical 
properties of totally geodesic, totally isotropic submanifolds and then to inves- 
tigate whether these conditions have natural generalizations for non-symmetric 
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spaces. 

Another direction is the generahzation to non-extremal static black holes, 
which for the five-dimensional case was discussed in [49 , and, more recently, in 
|76] . Deforming extremal into non-extremal solutions corresponds to deforming 
isotropic into non-isotropic submanifolds. It is currently not clear to us to which 
extent this can be done in a universal way. However, specific examples suggest 
that our method can be generalized, and we plan to report on this in a future 
publication. Non-extremal four-dimensional black holes in A/" = 2 supergravity 
have been recently discussed in [75] from a different though related point of 
view. For M = A supergravity the full class of stationary point-like solutions is 
known [77j . 

We have also shown how rotating solutions can be obtained, and recovered 
the known rotating supersymmetric solutions. In this case the use of field ro- 
tation matrices to produce non-BPS solutions requires to generalize the ansatz 
and to admit a curved three-dimensional base space. Moreover, these solutions 
have naked singularities, and making non-singular will also require to go beyond 
the isotropic ansatz considered in the second part of this paper. 
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A Hesse potentials 

A.l Hesse potential for STU model 

In this section we derive the Hesse potential for the STU model. Due to the 
relation between the Hesse potential and BPS black hole entropy 14], this is 
equivalent to solving the attractor equations. However, the relation between 
Hesse potential and prepotential is 'off-shell', and does not require to impose 
a particular background solution. Therefore we find it instructive to present 
the derivation in a form where this is manifest. Technically we closely follow 
[55], but instead of charges and horizon values of fields we use fields without 
imposing supersymmetry or any of the field equations. 

The STU model in special complex coordinates is characterised by the holo- 
morphic prepotential 

FiY) = ^ • 

Introducing the inhomogeneous coordinates = jY^^ one can write the 
Kahler potential for the STU model as 



e 



''^ - i (y'Fi - FiY^) = 8y°r°Im(Zi)Im(Z2)Ini(Z3) . (76) 



Our strategy will be to write the individual fields Y^,Z^,Z^,Z^ in terms of 
= Re(r^) and yi = Re{Fi). 
Firstly, by direct calculations one can show that 

a;OZi-a;i ' x'^Z^-x^ ' x'^Z^-x^ ' 

Combining these three expressions one gets the quadratic equation for Z^: 

(z^)^ + ^-V'T> ^ + '''rT3 -0' 

yix^ + x^'x-^ yix" + x'-x-^ 
where y.x — yjx^ . Solving this we find an expression for Z^ purely in terms of 
x',yi: 



1 y.x~2yix^ . ^/W 

Z = 7. r-^r-±l- 



where 

W = -{y.xf + 4:yix^y2X^ + iyix'^ysx^ + ^y2X^yzx^ + ^x°yiy2yz - ^^y^x^x^x^ . 
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By identical calculations, or simply by noting the symmetry between Z^^Z"^ ^ 
we obtain similar expressions for Z^ , Z^: 



^3 ^ y.x - 2^3x3 ^ . VW 
2(y3.T" + x'^x^) 2(?/3xO + 

Next, again by direct calculation one obtains the expression 

-o_ 2{x'Z^-x^) 
Z^-Z^ ' 

and, hence, 

yOyO ^ i_ (2:° V + {x°{y.x) + 2x^x^x'Y) . 
Also by direct calculation one can show that 

{yix°Wx^){y2x''Wx'^){y3X°+x^x^) = i (^{x'^fW + (x'^iy.x) + 2x^x^x'^)^^ . 
Substituting the above expressions into ([76|. we obtain 



We now restrict ourselves to physically relevant configurations, where the RHS 



is strictly positive. Since H = —he ^ we can write the Hesse potential explicitly 



2X ysx 

1/2 



in terms of x^ , yi as 

H{x,y) = -2(^~ (y.xf + Ayix^y2X^ + Ayix^ysx^ + Ay2X^- 

+ 4x%iy2y3 - 'iyox^x'^x^^ . (77) 

One can use a similar procedure to determine the Hesse potential in terms 
of the imaginary parts of ,Fi, which we denote by = Im(y^) and vj = 
Im(F/). What one obtains is precisely the same expression: 

H{u, v) = -2^ - (v.u)'^ + Aviu^V2u'^ + Aviu^v^v? + Av2y?vzu^ 

\ 1/2 

+ Au^viV2V3-Avou^u'^u^\ . (78) 

The reason why we obtain the same result is that the Hesse potential is inde- 
pendent of the phase of , i.e. it is invariant under U{1) transformations 
yi _^ e*"y^. The imaginary parts of Y^,Fi are simply the real parts of 
g-j7r/2y/ g-j7r/2^^^ which dcscribe the same Hesse potential. 
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A. 2 Hesse potential for models of form F 



f{Y\...,Y") 
yo 



We now extend the previous discussion to models with a prcpotential of the 
form 

FiY) 



f{Y\...,Y^) 



yo 

Since F is a homogeneous function of degree 2 it follows that f is homogeneous 
function of degree 3. In this case it is not possible to obtain an expression for 
the Hesse potential in closed form. However, one can still show that the Hessian 
metric Hab takes the from (j73l) when restricting to axion-free field configurations 
(|62l). The part of the Hessian metric relevant for this subspace can consistently 
be obtained by setting half of the variables of the Hesse potential to zero, and 
for this truncated Hesse potential we can obtain an explicit expression. 
Recall the definition of , yi and ,vi: 



yi + ivi 



F, = 



V J 

yWl 





V 



We will now impose the conditions (j62j), which restrict us to the particular 
class of solutions for which Y^ are purely imaginary, Y'^ is purely real and Fq is 
purely imaginary. In this case the fields ^yi can be given explicitly in terms 
of , vi by 



X" 

yo 
yi 

V Vn J 



( 



A 







\ 



(79) 
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where 

l f{u\...,u^) 

' = "V ■ 

One must choose the negative sign in the expression for A in order to ensure that 
the Hesse potential is strictly negative. The Kahler potential can be written as 

e-'^ = -^ {Y'Fi - FiY') = 8^vofiu\...,u^) , 

and since e^'^ = —2H we have the following explicit expression for the Hesse 
potential in terms of ,vi: 

H{u,v) = ~4^vof{u\...,u^) . (80) 

We would now like to find an equivalent expression for the Hesse potential 
in terms of x^,yj. Here we cannot use the same trick of making a U{1) rota- 
tion as in the STU model, since imposing the conditions (|62|) implicitly brakes 
the U{1) invariance of the system. Geometrically the condition selects a lower 
dimensional hypersurface which no longer has this C/(l) isometry. 

Finding an explicit expression for the Hesse potential in terms of x^,yi 
would involve inverting the relations ()79|) , which in general cannot be calculated 
in closed form. However, we will now show that the Hesse potential can be 
consistently restricted to the subspace of axion-free solutions, where it separates 
into two distinct factors: 

H{x,y) = V^h{yi,...,y^) , (81) 

where h is some homogeneous function of degree 3/2. This property is crucial 
in demonstrating the existence of non-BPS solutions to such models. 

Firstly, on the subspace of axion-free solutions, half of the variables x^,yi 
are zero. We denote the restricted Hesse potential by 

H{x,y) = H{x°,yi, ...,?/„). 

Next, observe that for axion-free field configurations 

x°vo = -y^vof{u^, ■ . . ,w") , and H = -4\/i;o/(-ui, . . . , u") , 
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=^ H = 4a;%o ■ 
Taking partial derivatives with respect to we find 

dH r,dvQ 
— Avn A- At 

dx^ ° ^ dx° ■ 

Note that it does not make a difference whether we impose the axion-free condi- 
tion before or after taking derivatives with respect to , because the axion-free 
condition does not involve this variable. But we know from ([5|) that 

dH „ 



X -^r-R ~ ''^O > ^ Vo — , -hiyi, 1/2, V3) 

dx° 2 V^4 ^^^'^^'^'-^^ 



and, hence, 



for some specific, but as yet undetermined, function h. The restriction of the 
Hesse potential to axion-free configurations is therefore given by ([5T|) . This 
allows us to determine components of Hab which we need to go from (|72p to 

(El. 
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